
ONLINE APPENDIX - Proofs

Proof of Proposition 1: Using the results in Du¢ e and Epstein (1992b), the Hamilton-

Jacobi-Bellman (HJB) equation for the planner problem in (31) is written as

max
C
ff (C; V (m;K)) + LV (m;K)g = 0; (IA.1)

where L is the di¤erential operator associated with the process fKtg and fmtg, i.e.,

LV (m;K) = (Km� c)VK +
1

2
K2�2KVKK

+a
�
� �m

�
Vm +

1

2
�2mVmm + (��K�� +Q)KVmK :

By homogeneity, V must be of the form in (32). Monotonicity of the value function with

respect to m implies that H (m;�e) is strictly increasing (decreasing) in m if 
 < 1(
 > 1).

Using (32) to simplify the HJB equation, and denoting x = K
C
, I have that

max
x

�
�

1� 1= x
1
 
�1H (m;�e)

1� 1�1= 
1�
 +

�
m� 1

x
� 1
2

�2K

�
H (m;�e)

�
(IA.2)

� �

1� 1= H (m;�e) +
�

1

1� 

a
�
�� �m

�
+ (��K�� +Q)

�
H 0 (m;�e)

+
1

2

1

1� 

�2mH

00 (m;�e) = 0:

The �rst-order condition of the HJB equation in (IA.2) implies the optimal consumption

policy function is of the form in (34), and x(m;�e) is the wealth-consumption ratio given by

(35). Using the optimal consumption policy, the HJB equation in (IA.2) can be simpli�ed
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to an ODE of H (m;�e):

1

 � 1�
 H (m;�e)

1� 
1�
 +

�
m� �

1� 1= �
1

2

�2K

�
(IA.3)

+

�
1

1� 

a
�
� �m

�
+ (��K�� +Q)

�
H 0 (m;�e)

H (m;�e)
+
1

2

1

1� 

�2m

H 00 (m;�e)

H (m;�e)
= 0:

Finally, the monotonicity of H (m;�e) implies that H(m;�e)
1

1�
 is always a strictly in-

creasing function of m. Consequently, the wealth-consumption ratio function in (35) is

strictly increasing (decreasing) in m if  > 1 ( < 1).

The State Price Density in Lemma 1: As shown by Du¢ e and Epstein (1992a), in an

economy with recursive preferences, the state price density, denoted f�tgt�0, satis�es

d�t
�t

=
dfC (Ct; Vt)

fC (Ct; Vt)
+ fV (Ct; Vt) dt: (IA.4)

Using equation (39) in Lemma 1,

d�t
�t
� Et

�
d�t
�t

�
=
dUW (Wt;mt)

UW (Wt;mt)
� Et

�
dUW (Wt;mt)

UW (Wt;mt)

�
: (IA.5)

Equation (43) can then be obtained by applying Ito�s formula to (IA.5).

The Log-Linearization Approximation of the Value Function: I now derive a closed

form expression for the log-linearization approximation of equation (48) using the method

proposed by Campbell, Chacko, Rodriguez, and Viceira (2004). Note the only nonlinear

term in (IA.3) is � H (m)
1� 
1�
 , which is exactly the inverse of the wealth-consumption ratio
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function x (m;�e). Using a log-linear approximation of x (m;�e)
�1, I have

x (m)�1 � �0 + �1 log x (m;�e) = �0 + �1 ln � + �1
1�  

1� 

lnH (m;�e) ; (IA.6)

where

�0 = �1 (1� log �1) (IA.7)

and �1 can be chosen as the consumption-wealth ratio when m is equal to its unconditional

mean ��:

�1 = x
�
��;�e

�
:

Using (IA.6), one can approximate the ODE in (IA.3) as

1

 � 1

�
�0 + �1 log � + �1

1�  

1� 

logH (m;�e)

�
+

�
m� �

1� 1= �
1

2

�2K

�
(IA.8)

+

�
1

1� 

a
�
� �m

�
+ (��K�� +Q)

�
H 0 (m;�e)

H (m;�e)
+
1

2

1

1� 

�2m

H 00 (m;�e)

H (m;�e)
= 0:

I guess H (m;�e) is of the form

H (m;�e) = exp (A+Bm) : (IA.9)

Using the method of undetermined coe¢ cients, I have that

B =
1� 


a+ �1
(IA.10)

and

A =
1

�1

�
1

2
�2mB

2 +
�
(1� 
) (��K�� +Q) + a�

�
B +D

�
; (IA.11)
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where

D =
1� 


1�  

�
��0 �  �1 log � +  � � 1

2

 (1�  )�2K

�
:

Using (IA.9),
H 0 (m;�e)

H (m;�e)
= B =

1� 


a+ �1
: (IA.12)

Therefore, the risk premium can be approximated by

�Rt � rt � 
�2K +

 � 1
a+ �1

(��K�� +Q) : (IA.13)

This above approximation is exact if  = 1, in which case

B =
1� 


a+ �
(IA.14)

and

A =
1

�1

�
1

2
�2mB

2 +
�
(1� 
) (��K�� +Q) + a�

�
B + (1� 
)

�
� log � � � � 1

2

�2K

��
:

(IA.15)

The Equity Premium in the Pure Exchange Economy: First, I consider the solution

to the Kalman �lter of the agent�s learning problem. Learning steady-state implies that

mt = Et [�t], and mt satis�es equation (61), where

QE =
(1� �2)�2��

a+ � ��
�Y

�
+

r�
a+ � ��

�Y

�2
+ (1� �)�2�

�
��2Y + ��2e

� : (IA.16)
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Also, theorem 8.1 in Lipster and Shiryaev (2001) implies

Covt

�
dmt;

dYt
Yt

�
= (��Y �� +QE) ;

and

V art [dmt] = �2� � 2aQE:

Second, I derive the ODE that the function G (m) in equation (62) has to satisfy. To solve

the equilibrium optimal portfolio choice problem of the representative agent, it is enough to

consider the case in which there are two assets, a risk-free bond, and an equity that pays

aggregate consumption as its dividends. From Du¢ e and Epstein (1992a), the value function

of the optimal portfolio choice problem satis�es

max
C;�

�
f (C;U (W;m)) + LC;�U(W;m)

	
= 0; (IA.17)

where LC;� is the di¤erential operator under the policy fC; �g. Using the law of motion of

W and m in equation (38) and (61), the above is written as

max
C;�

8><>: f (C;U (W;m)) + UW
�
W
�
��R;W (m) + (1� �) r (m)

�
� C

�
+W��W;m (m)UW;m +

1
2
W 2�2�2R;W (m)UWW

9>=>;
+a
�
m� ��

�
Um +

1

2
�2m (m)Umm = 0; (IA.18)

where I use the notation

�W;m (mt) = Covt (dRW;t; dmt) ;

�2R;W (mt) = V art [dRW;t] ;
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and

�2m (mt) = V art [dmt] :

Here I assume the drift and di¤usion coe¢ cients of the returns are all functions of the state

variable mt, which can be veri�ed after all equilibrium prices and quantities are constructed.

By equation (63), and condition (39) in Lemma 1, the equilibrium consumption and

wealth satis�es

� G (m)�
1�1= 
1�
 W = C = Y; (IA.19)

where the second equality is due to the market clearing condition. Applying Ito�s Lemma,

and using the de�nition of cumulative return in equation (15), I have

�R;W (m) = m+
1� 1

 

1� 


�
a
�
�� �m

�
+ ��Y �� +QE

� G0 (m)
G (m)

+
1� 1

 

1� 


"

 � 1

 

1� 


�
G0 (m)

G (m)

�2
+
G00 (m)

G (m)

# �
�2� � 2aQE

�
+� G (m)�

1�1= 
1�
 ; (IA.20)

�2R;W (m) =

 
1� 1

 

1� 


!2�
G0 (m)

G (m)

�2 �
�2� � 2aQE

�
+ �2Y + 2

1� 1
 

1� 


G0 (m)

G (m)
[��Y �� +QE] ;

(IA.21)

and

�W;m (m) =
1� 1

 

1� 


G0 (m)

G (m)

�
�2� � 2aQE

�
+ ��Y �� +QE (IA.22)

Using equation (IA.19) - (IA.22) and noting that � = 1 in equilibrium, equation (IA.18)
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can be simpli�ed to the following ODE:

� 

1� 1= G (m)
� 1�1= 

1�
 +

�
m� �

1� 1= �
1

2

�2Y

�
(IA.23)

+

�
1

1� 

a
�
� �m

�
+ (��Y �� +QE)

�
G0 (m)

G (m)
+
1

2

1

1� 


�
�2� � 2aQE

� G00 (m)
G (m)

= 0:

Using log-linear approximation, it can be shown

G0 (m)

G (m)
� 1� 


a+$1

; (IA.24)

where $1 is the steady-state consumption-wealth ratio in the exchange economy.

Third, I derive the expressions for the myopic demand component and the hedging de-

mand component of the risk premium on aggregate wealth. I use the de�nition of myopic

demand component and hedging demand component of equity premium in equations (63)

and (64) to obtain

MDt = 


24�2Y + 21� 1
 

1� 


G0 (mt)

G (mt)
(��Y �� +QE) +

 
1� 1

 

1� 


!2�
G0 (mt)

G (mt)

�2 �
�2� � 2aQE

�35
(IA.25)

and

HDt = �
1

 

G0 (mt)

G (mt)

"
1� 1

 

1� 


G0 (mt)

G (mt)

�
�2� � 2aQE

�
+ (��Y �� +QE)

#
: (IA.26)

Finally, I show that in the special case of CRRA, the e¤ect on the myopic demand

component of the equity premium always dominates. Note that equation (IA.25) and (IA.26)

imply that
@

@�e
MDt � 2


�
1� 1

 

�
($1 + a= )

(a+$1)
2

@Q

@�e
(IA.27)
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and
@

@�e
HDt �

1

 
(
 � 1) [a (2= � 1) + �1]

(a+$1)
2

@Q

@�e
: (IA.28)

Note that for  close to 1, the sign of (IA.27) is determined by 1� 1
 
, and the sign of (IA.28)

is determined by 
 � 1. If I impose 
 = 1
 
, then

@

@�e
[�Rt � rt] =

@

@�e
MDt +

@

@�e
HDt �

�
1� 1

 

� 1
 

a+$1

@Q

@�e
(IA.29)

Note that (IA.29) will have the same sign as (IA.27), but opposite to (IA.28). Therefore,

the e¤ect through the myopic demand component dominates.

8


