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Abstract

I study asset pricing and welfare implications of the quality of public information
about long-run risks in a general equilibrium model with a linear production technology
and Kreps and Porteus (1978) utility. I show that learning could substantially improve
the performance of the long-run risk asset pricing model in terms of its predictions for the
risk premium and the volatility of the return to aggregate wealth. I quantify the effect of
learning in a calibrated version of the model. I provide a novel decomposition of welfare
gain of information and show that better information about long-run risks could lead to

important welfare gain even if it does not improve the efficiency of resource allocation.
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Introduction

In a recent study, Bansal and Yaron (2004) demonstrated the fundamental importance of
long-run risks in providing a coherent account for many stylized empirical findings that
have long challenged financial economists. However, long-run risks are difficult to identify
statistically (Hansen and Sargent (2006)) and would therefore entail significant learning
by investors. This paper studies the asset pricing and welfare implications of learning
about long-run risks and makes two major contributions. First, I show that learning
could substantially improve the performance of the long-run risk asset pricing model in
terms of its predictions for the risk premium and the volatility of the return to aggregate
wealth. Second, I provide a novel decomposition of welfare gain of information and show
that better information about long-run risks could lead to important welfare gain even if
it does mot improve the efficiency of resource allocation.

In a general equilibrium model with linear production technology and Kreps and Por-
teus (1978) recursive preference, I obtain three main results regarding the effect of learning
on equilibrium prices and quantities. First, lower information quality leads to higher eq-
uity premium if the representative agent’s relative risk aversion (RRA) is higher than
unity. This implies that learning increases the risk premium of aggregate wealth if RRA
is higher than unity. The key to understanding this result is the fact that learning cre-
ates a positive covariance between the realized return and the expected return of the
production technology (which in equilibrium equals the return to aggregate wealth): op-
timal Bayesian learning implies an upward revision of the agent’s posterior belief about
expected return whenever a high realized return is observed. The positive covariance
induces a negative hedging demand when the agent’s RRA is higher than unity, which in
equilibrium must be met by an elevated risk premium (i.e., higher than the risk premium
in the case without learning).

My second result is that learning decreases the volatility of consumption growth if the



agent’s intertemporal elasticity of substitution (IES) is higher than unity. To understand
the intuition, notice that the variance of consumption growth can be decomposed into
three components: the variance of the return to wealth; the variance of the consumption-
to-wealth ratio; and the covariance of the return to wealth and the consumption-to-wealth
ratio. While learning has negligible effects on the first two variance terms, it creates a
negative covariance term when IES is higher than unity. The negative covariance can be
explained by the consumption-to-wealth ratio effect as follows. When IES is higher than
unity, the consumption-to-wealth ratio is a decreasing function of expected consumption
growth (Bansal and Yaron (2004)), which is an increasing function of the expected return
to wealth. Since learning induces a positive covariance between the realized and expected
return to wealth, it induces a negative covariance between the return to wealth and the
consumption-to-wealth ratio, decreasing the overall volatility of consumption growth.

My third result is that learning decreases the volatility of the risk-free interest rate.
Fluctuations in the risk-free interest rate come from fluctuations in expected consumption
growth. If the agent observes the persistent component of the return of the technology,
then innovations in news about the persistent component of technology growth translate
100% into innovations in expected consumption growth. As information quality decreases,
the information content in news becomes smaller, and the agent’s belief about future
consumption growth becomes less sensitive to innovations in news, making the risk-free
rate less volatile.

I calibrate the model to the U.S. economy to assess the quantitative importance of
each of the above channels and examine whether learning will reconcile the long-run risk
asset pricing model with the empirical evidence on the statistics of the return to aggregate
wealth provided in Lustig, Nieuwerburgh, and Verdelhan (2008). The long-run risk model
without learning, although quite successful in accounting for many of the stylized facts

in asset market data, implies too low a risk premium of aggregate wealth and too low a



volatility of the return to aggregate wealth (Lustig, Nieuwerburgh, and Verdelhan (2008)).
My calibrated benchmark model performs quite well along both dimensions. I show that
learning could account for as much as 28% of the observed risk premium of aggregate
wealth, and without learning, the volatility of consumption growth and the volatility of
the risk-free interest rate would have been substantially higher than their historical levels.

In addition to contributing to the long-run risk literature by showing the importance
of learning, my paper also contributes to two other large strands of literature. First
is on the role of information quality and learning in general equilibrium asset pricing
models.? In this regard, my paper is closely related to Veronesi (2000). In opposition to
my finding, Veronesi (2000) finds that higher information quality leads to lower equity
premium when RRA is higher than unity. The seemingly disparity results from two key
differences between our models. First, Veronesi (2000) assumes CRRA utility function
while I use the more general Kreps and Porteus (1978) utility function, which allows me to
distinguish between the role of RRA and IES. I show that Veronesi (2000)’s result is driven
by IES, and not RRA. Second, Veronesi (2000) studies a pure exchange economy, whereas
I introduce production to the model. To see how adding production makes the difference,
notice that, in general, learning affects the equilibrium prices and quantities through
two channels: the hedging demand channel, the sign of which depends on the agent’s
RRA; and the consumption-to-wealth ratio channel, the sign of which depends on the
agent’s IES. In the linear production economy, learning affects equity premium through
the hedging demand channel, and it affects the volatility of consumption growth through
the consumption-to-wealth ratio channel. Therefore the relationship between information
quality and equity premium depends on the RRA parameter. In pure exchange economies,
quantity adjustment is not possible. The effect of learning through both channels must

show up in price adjustment and affect equity premium. In the case of CRRA utility,

2 A partial list includes Veronesi (2000), Brennan and Xia (2001), Brevik and D’Addona (2007), Gollier
and Schlee (2006), Hansen and Sargent (2006), and Croce, Lettau, and Ludvigson (2007).



the consumption-to-wealth ratio channel dominates. Therefore, Veronesi (2000)’s result
works through the consumption-wealth ratio channel and is determined by IES.

By providing a framework to assess the welfare consequences of information quality,
my paper also relates to the literature on welfare cost of consumption risks pioneered by
Lucas (1987). Tallarini (2000) and Croce (2006) discuss the welfare cost of consump-
tion risks in economies with recursive utilities. The above studies focus on estimating
the welfare gain from completely eliminating the uncertainty of the economy and, thus,
provide an upper bound for the welfare gain from stabilization macroeconomic policies.
However, consumption risks in these models are due to exogenous productivity shocks
(or endowment shocks). The models themselves do not provide guidance for why and
how these risks can be eliminated. In this paper, I ask a different, but related, question.
What is the welfare gain of better information about the long-run risks of the economy?
Realization of the welfare gain of information does not require the ability of the agents in
the economy to change the nature of the risks, but only require a better understanding of
the risks. The non-expected utility setting allows me to distinguish two sources of welfare
gain of information: the welfare gain associated with early resolution of uncertainty, and
the welfare gain associated with resource allocation. 1 provide precise definitions of the
decomposition, and I show in the calibration that the total welfare gain of information can
be more than 2.69% of permanent increase in annual consumption. Most of the welfare
gain comes from early resolution of uncertainty, not from improvement on the supply side
of the economy.

There is a tight connection between the asset pricing and the welfare implications of
information about long-run risks. The high equity premium generated by long-run risks
and the high welfare gain of information about long-run risks are both manifestations of
the strong preference for early resolution of uncertainty assumed in long-run risk mod-

els. Therefore experimental evidence on individuals’ preference for early resolution of



uncertainty should be viewed as evidence on the plausibility of long-run risk models. My
estimation of welfare gain from early resolution of uncertainty may be used in designing
such experiments.

The paper is organized as follows: Section I describes the physical environment of the
economy. Section II characterizes the optimal consumption allocation and studies the as-
set pricing implications of information quality. Section III studies the welfare implications

of information about long-run risks. Section IV concludes.

I The Economy

Consider an infinite horizon economy populated by a continuum of investors with iden-
tical Kreps and Porteus (1978) SDU with constant RRA parameter -, and constant IES
parameter 1. Specification of the SDU follows Duffie and Epstein (1992a) and Duffie
and Epstein (1992b), who develop a continuous-time version of the recursive preference
considered in Kreps and Porteus (1978), Epstein and Zin (1989) and Weil (1989). I use
{Ci}+>0 to denote the consumption process and {V;}:>o to denote the utility process of

the representative agent. I specify the SDU by a pair of aggregators (f,.A) such that:
1
Vi = [=f(C, Vi) = 5AW)llov (D)IIP]dt + ov (t)dBy, (1)

for some standard Brownian motion {By;};>0. I adopt the convenient normalization

A(V) =0, so that the aggregator f(C,V) is given by:




In this paper, I focus on the case v # 1. Extension to the limiting case v = 1 is

straightforward. However, I do allow 1) = 1 with the understanding that in this case,

In[(1 =) V]

f(C,V)=5<1—’V)V[lnC—11

Under this convention, the date-t utility of the agent satisfies:
V=B | [ £ 3)
t

Let {Q, F*, P} be a complete probability space and F ={F;}+>o be the augmented, right-
continuous filtration. Let B, = [Bg:, By, Bet] be a vector of standard Brownian motions

adapted to F. I allow B and By to be correlated and denote
Corr (Bg, Bp) = p. (4)

However, I assume without loss of generality that B, is independent of [Bg, By]. Let
{0:}+>0 be an Ornstein-Uhlenbeck process adapted to F; that is, {0;}:>o satisfies the

following stochastic differential equation:
Vi > O, d@t =a (9 — Qt) dt + O'ngt. (5)

Let G C F be a sub-filtration of F that represents the representative agent’s information.
An aggregate consumption process {C; }>o is feasible with respect to filtration G under
the initial condition (ko,6p) if it is G adapted; and there exists a capital stock process

{K;}i>0 such that Ko = ko, 0y = 0o, K; > 0 for all t > 0, and Equations (5) and (6) hold.

Vit 2 0, th = Kt [Qtdt + UKdBKt] — Ctdt (6)



Here 60, is the expected return of the production technology. The realized return is deter-
mined by #; and a small noise represented by Brownian motion By, where o > 0 is a
constant.

There is an exogenous process {e; }+>o that carries noisy information about 6. {e:}:>o

obeys the following ODE:
det = tht -+ O'edBet, €y — 0. (7)

I consider two alternative information structures: In a completely observable economy,
G = F. In particular, this implies V¢ > 0, #, is observable to the agent. In a partially
observable economy, G = QK’e, where G%+ is the information filtration generated by the
{ K4, ei},>0 process. That is, Ggle = { tKe}po’ where V¢ > 0, G is the o—field gener-
ated by the history { K, 65}210. In this case, tile state variable 0, is not directly observable
by the agent. However, the agent does observe the { K, et}tzo process and updates her
belief about #; based on observations. In a partially observable economy, the agent’s
consumption policy must be G%¢ adapted, and cannot depend on #. The parameter o,
is a measure of information quality. If o, = 0, then the {e;};>0 process carries perfect
information of {0:},., and therefore, observing {e},., is equivalent to observing 6 itself.
If o, > 0, then {e;},., contains noisy information about {0,},.,. If o0 — o0, {e;},5, does
not contain any information about {et}tzov the agent can only update her belief about
{04:},5¢ from the observed { K}, process.

The representative firm operates the technology described by Equations (5) and (6).
Here I have a continuous-time version of the Bansal and Yaron (2004) economy with
production. {0}, is the source of long-run risks in this economy. Fluctuations of 0,
affect the productivity of the production technology, which generate persistent changes
in consumption growth. The asset market is elementary. There is an equity, which is the

claim to the representative firm. The date-t price of the equity is denoted by P,. In the



class of economies considered in this paper, the equity price satisfies:
dPt = Pt [[Lptdt + UPtdBPt] (8)

for some progressively measurable processes {ip,}i>0 and {op;}i>0, and some properly
defined standard Brownian motion {Bp;},.,. There is a bond, which allows the agents
in the economy to borrow from and lend to each other at a locally risk-free interest rate
r.. In the above economy, the equity pays aggregate consumption as its dividend. The

cumulative return process of the equity is a diffusion process of the form:

dR
?t = /JJtht —+ UPtdBPt; (9)
t

where pp, = pp, + %, and pp, — ¢ is the instantaneous risk premium of the stock.
The notion of competitive equilibrium is standard in this environment. In the following
section, I deal directly with the Pareto optimality problem and appeal to the first and

second fundamental welfare theorems to solve for the implied asset prices.

II Asset Pricing Implications

A The Pareto optimality Problem

If the representative agent observes {et}tzoa the Pareto optimality problem is to maximize

the lifetime utility of the representative agent:

V(K.0) = max B / F(CL V) dt (10)
0

{Ct}tZO

s.t. th = Kt[ﬁtdt + O'KdBKt] — Ctdt, KQ = K, Kt 2 0, Vit

det = a(@—ﬁt)dt+0939t, 00:0



Here the optimal consumption plan {C;} is chosen among all plans that are feasible with
respect to F given initial condition (K, ). In particular, this implies that the consumption
plan is allowed to be a function of the history of {et}tZO' In the partially observable case,
the Pareto optimality problem is still to maximize the same objective function as in (10),
subject to the constraints (5) and (6). However I now require the optimal consumption
plan to be feasible with respect to G5, I also assume that the agent’s date-0 prior belief
about 6y is a Gaussian distribution with mean mq and variance (g, denoted N (mg, Qo).

The Pareto optimality problem in the partially observable economy can be solved by
a two-step procedure.? The first step is a filtering problem, i.e., deducing the conditional
distribution of # given observations. If the prior distribution of 6, is Gaussian, then the
conditional distribution of #; given G, is Gaussian for all t. Therefore the conditional
distribution of #; given G; can be characterized by the first two moments, which I denote
my and @y, where my; = F [0, |G;| and Q; = Var|[0,|G;]. m; and Q, satisfy the following

(stochastic) differential equations (Liptser and Shiryaev (2001)):

_ 1 ~ 1 ~
dmy; = a (6’ — mt) dt + (U—Qt + ,009) dBgt + U_QtdBet (11)
K e

{ \ [ 1 2 1 2
th = 0'6. — ZU,Qt — (pO’g + _Qt) ‘I— (_Qt) dt (12)
OK O¢

In Equation (11), By, and B,; (usually called innovation processes) are defined recursively

by:
~ 1 1 ~
dBKt = — |:? (th + Ctdt) - mtdt} X dBet =

L
OK t

det — mtdt] . (13)

In Equation (12), the law of motion of @); obeys a deterministic Riccati equation. As

t — 00, the posterior variance of 6;, (); converges to a steady-state level, (), where @) is

3 A separation property applies here. The standard reference is Liptser and Shiryaev (2001).



given by:
_2) 42

2
<a+p;’—;) + \/(a+p;’—;) +(1=p)od (o> +0.2)

I further assume that the conditional variance starts at its steady-state level, therefore

Q: = @ for all . Whenever necessary, I will use the notation @ (0.) to emphasize the
dependence of () on the information quality parameter o.. The following properties of

the @ (0.) function will be useful:

Om = \/<$Q + ,009)2 B (UieQ)z, (16)

o= [(Lsm) B Lo a)

Om OK

and define

Therefore B, is a standard Brownian motion, and the law of motion of {m;},., can
therefore be written as

dmy = a (9 — mt) dt + amdBmt.

The second step is a dynamic programming problem. By taking the posterior distri-
bution of 6 as state variables, the second-step problem can be made recursive and solved
by standard dynamic programming techniques. Since I assume learning steady state, the
conditional mean m; is sufficient to keep track of the conditional distribution of #,, and,
therefore, can serve as a state variable in the second stage dynamic programming prob-

lem. Using the definition of the innovation process in (13), the second stage optimization

10



problem can now be written as:

V(K,m) = maxE /f(Ct,V})dt (18)
0

ct>0
st. dK, = Kmudt + ogdBy] — Cidt, Ko=K, K, > 0.

dm; = a (5 — mt) dt + amdBmt, mo = m.

The optimization problems in (10) and (18) are almost identical, except that the
covariance between the innovations in the returns of the technology and the innovations

in the state variables are different:

dK
Cov <—t,d9t> = poKOy (19)
K,
dK
Cov (?t, dmt) = pogog + Q. (20)
¢

Intuitively, learning creates an additional positive covariance between the innovations in
the realized return of the linear technology and the innovations in the expected return, m;.
Optimal Bayesian learning implies that whenever the realized return of the technology is
high, the agent will revise upward her posterior belief about the expected return, creating
a positive covariance between the two.

The similarity between (10) and (18) is the consequence of the observational equiv-
alence result: for example, Proposition 6 in Veronesi (1999). Therefore, as far as its
implications for asset prices and consumption volatility are concerned, the effect of learn-
ing could be interpreted as generating endogenously certain conditional distribution of the
state variables. In the rest of this section, I will focus on the Pareto optimality problem
n (18). Solution to the Pareto optimality problem of the completely observable economy
can be obtained as the special case 0, = 0. The following proposition characterizes the

solution to the Pareto optimality problem:

11



Proposition 1 The Pareto optimality Problem

1) The value function of the Pareto optimality problem is of the form

K=
1—7

V(K,m;0.) = H(m; o) , (21)

where H (m;o.) satisfies the ODE in Equation (61) in Appendiz A. H (m;o.) is strictly
increasing (decreasing) in m if y <1 (y > 1).

2) The optimal consumption policy function is given by:

C(K,m;o0.) = x(m;o.)K, (22)

where x(m;o,) is the consumption-to-wealth ratio and satisfies

1—v)

z(m;oe) = BYH(m;0.) 1= (23)

Furthermore, x (m;o.) is strictly increasing (decreasing) in m if v <1 (i > 1).

Proof. See Appendix A. =

The first part of the proposition implies that the value function is homogenous of
degree 1 — «. This is due to the fact that the utility function is homogeneous of degree
1 — v, and that the constraint set is linearly homogenous in K. Since capital is the only
factor of production in this economy, it also represents the aggregate wealth. Equation (6)
implies that one unit of C; can always be transformed freely into one unit of K;. Therefore
K, equals aggregate wealth measured in terms of current period consumption goods, i.e.
P, = K;, where P, is the value of the stock (measured in current period consumption
goods) that delivers aggregate consumption as its dividend payment, as defined in (8).
The second part of Proposition 1 implies that the consumption-to-wealth ratio is an

increasing (decreasing) function of the state if v < 1 (¢» > 1). This has been pointed

12



out by Bansal and Yaron (2004), among others, and can be explained by the interaction
between the income effect and the substitution effect as follows: a higher value of m;
implies a higher expected consumption growth rate of the economy. This means that the
agent is wealthier, and, other things being equal, will consume a greater proportion of her
total wealth. This is the income effect and tends to increase the consumption-to-wealth
ratio. On the other hand, a higher expected consumption growth rate implies a higher real
interest rate; therefore, other things being equal, the agent will save more in order to raise
future consumption. This is the intertemporal substitution effect and tends to decrease
the consumption-to-wealth ratio. If ¢ < 1, IES is small, and, therefore, the substitution
effect is small and the income effect dominates. Consequently, the consumption-to-wealth
ratio is increasing in expected consumption growth. By the same reason, if ¢ > 1,
the substitution effect dominates, and the consumption-to-wealth ratio is a decreasing
function of expected consumption growth.

I obtain the value function for the case of observable 6 by setting o, = 0 and m = 6
in the above proposition. In this case the value function, denoted by V (0, K), and

consumption policy function, denoted by C (K, ) satisfy:

V(K,0) = H(6:0) f:; C(K,0) = (6; 0) K, (24)

where the functions H(0;0) and x(0;0) are given by Proposition 1.

B Asset Pricing Implications of Information Quality

The equity premium in the partially observable economy is given by the following propo-

sition:

13



B.1 The Equity Premium

Proposition 2 The Equity Premium
The risk premium of the claim to aggregate wealth is given by:

H'(my; o,

[igy — Tt = YOk — ))(PUK09+Q)- (25)

H(my; 0.

Proof. See Appendiz B. m

To see the effect of learning on equity premium, first consider a special case p = 0,
that is, assume that the innovations in return and the innovations in the state variable 6
are independent. If # is observable, that is, 0. = 0, then (15) implies the equity premium
in this economy is*:

Hpre — Tt = ’YU%(- (26)
If, instead, # is not observable, the risk premium is given by:

lhpy — T¢ = 702 — —H,(mt;ae)
Rt t K H(mt;ae)

H'(m;oe)

Honos) Q@ in the equity premium. From

That is, learning creates an additional term —
Proposition 1, H' (m;0.) < 0 (> 0) if v > 1 (7 < 1), therefore learning increases equity
premium if v > 1, and decreases equity premium if v < 1.

In general, the average equity premium in the economy is given by:
H'(m;o.)

E g — i) = yoi — E |- 27

i, = il = 0% — (powon + Q) B | T2 (27)

where the expectation in (27) is taken with respect to the steady-state distribution of

m. Numerical results indicate that the term E [}g((n";fe))

] almost does not change with

“Note that the Lucas (1978)-Breeden (1979) formula obtains in this case, despite the recursive prefer-
ece. The intuition for this will be explained in section II.C of the paper.
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oe. In fact, using the log-linear approximation method proposed in Campbell, Chacko,

Rodriguez, and Viceira (2004), one can show (see Appendix B)

H'(my;0.) ~ 1—7 (28)
H(my; o) a+ Ky

where k1 is a constant given in Appendix B. Therefore:

0 vy—1 0
@O_GE[IU’Rt_Tt] ~

Q (oe). (29)

a+ k1 0o,

That is, equity premium increases (decreases) as the noise contained in the {e;},., process
increases if v > 1 (y < 1).
The above result can be illustrated as follows. From Merton (1992), the demand for

equity of an agent with CRRA utility is determined by:

%(Mm — 1) + Hedging Demand, (30)

VO Rt
where 115, and o g, denote the expectation and volatility of the return of the equity, respec-
tively. The first term in (30) is the myopic demand and the second term is the hedging
demand. This result is still true in the case of Kreps and Porteus (1978) utility. Moreover,
because aggregate wealth is the claim to the asset that pays the equilibrium consumption
as dividend, the cumulative return process of aggregate wealth defined in (9), can be
written as:

dR, dK;

?t = Yt + Cydt = mudt + UKdBKt. (31)

In particular, (31) implies og; = ok holds true regardless of the information structure.
In equilibrium, market clearing condition requires that the total demand has to sum up
to 1:

1

W(Mm —ry) + Hedging Demand. (32)
K

1=

15



Consider first the case in which hedging demand is 0. This will happen if the realized

return of the equity and the expected return of wealth are uncorrelated, i.e.,

dR,

CO'Ut |:E

dmt] = pogog+ Q = 0.

In this case (32) implies the equity premium must be the same as in (26).

In general, the second term in (25) reflects the equilibrium price adjustment for hedging
demand. Hedging demand of the equity depends on the covariance between the innova-
tions in the expected return of the equity and the innovations in the return to aggregate
wealth, i.e. Cov, [%, dmt]. If RRA is higher (lower) than 1, the agent prefers a negative
(positive) covariance between the two. The market clearing condition in (32) implies that
risk premium paid by the equity must adjust to compensate for the hedging demand. If
0 is observable, the equilibrium risk premium will contain a hedging demand adjustment

term as long as p # 0:

fige =Tt = V0% — POKT (33)

As shown in Equations (19) and (20), if 6 is not observable, learning creates an ad-
ditional positive covariance between innovations in the return to aggregate wealth and
innovations in the expected return to aggregate wealth. The positive covariance induces
a negative (positive) hedging demand if v > 1 (7 < 1). In equilibrium, expected return of
the equity has to adjust to equate supply and demand (See the market clearing condition
in (32)); therefore, learning creates a higher (lower) equity premium than the completely

observable case if v > 1 (v < 1), as shown in Equation (29).

16



B.2 Volatility of Consumption Growth and Volatility of Risk-free Interest

Rate

The high equity premium, the low volatility of consumption growth, and the low volatility
of the risk-free rate observed in the data are among the most important challenges to
consumption-based asset pricing models. In Section II.B.1, I provide conditions under
which learning increases or decrease the equity premium. This section is devoted to the
analysis of the relationship between information quality and the volatility of consumption
growth and the volatility of the risk-free interest rate.

First, learning decreases (increases) the conditional volatility of consumption growth

if » > 1 (¢ < 1). Using Proposition 1,
1y
Ct = b’wH(mt, Ue>mKt' (34)

By Ito’s formula,

1_1/JH/(m;O-e)
1_7 H(m;ge)

1 -4y H (m;o.)
1_7 H(m;ge)'

2
Var, (InCy) = ( ) an + 03( +2(pogog+ Q)

Using the definition of ¢, in (16), and Equation (14), I obtain:
o2 =05 —2aQ.

m

Using the log-linear approximation in (28) to simplify Equation (34), I have:

1—9)\? 11—
~ 2 2
Var,(InCy) =~ <a—|—/—€1) (07 — 2aQ) +0K+2(p0K09+Q)a+H1.
Therefore
0 a)+ Ky O
80‘6 V(M”t (11’1 Ct) ~ 2 (]_ — 1/}) maaeQ (O'e> . (35)

17



By (15), the conditional volatility of consumption growth is decreasing (increasing) in o,
ify>1 (¢ <1).
The intuition of the above conclusion can be explained as follows. Since x (my; o) is

the consumption-to-wealth ratio,
InCy = Inx(my; o) + In K. (36)
Therefore, I have the following variance decomposition:
Var; (InCy) = Vary (Inz(my; o.)) + Vary (In Ky) 4+ 2Cov; (Inx(my; 0.), InKy).  (37)

The effect of o, on consumption-to-wealth ratio function = (my;o.) is virtually zero, and
Var; (In K;) = 0% does not change with .. Consequently, the information quality pa-
rameter o, affects the volatility of consumption growth primarily through the third term
in (37), which captures the covariance between the consumption-to-wealth ratio and the
return to wealth. As discussed earlier, learning creates a positive covariance between
the innovations in return to wealth and the innovations in the posterior belief m;. By
Proposition 1, if 1) > 1 (¢ < 1), then the consumption-to-wealth ratio function x(my; o)
is decreasing (increasing) in m. Consequently, learning decreases (increases) the term
Covy (Inz(my;0.), InKy) if ¢ > 1 (¢ < 1).

Next, learning decreases the volatility of the risk-free interest rate. To understand this
result, one can use Equations (25) and (31) to write the risk-free interest rate as:
H' (m;o,

)) (porog+ Q) ~ my — yoy +

) 1—"}/
T mion) (poxoe+ Q) ,

a+ K1

2
Ty =My — YO +

where the approximate equality uses the log-linearization approximation in (28). There-
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fore

Var, (dry) =~ Var, (dm;) = 02, = 0 — 2aQ,

and consequently,

4 Var, (dry) = —2a 9

0. &IeQ (o) <O.

Intuitively, fluctuations in the interest rate in this economy come from fluctuations in
expected consumption growth, which in turn come from fluctuations in the posterior
belief m;. If information is imprecise, then the revision of the posterior belief m; is small
when new information arrives. In the extreme case where there is absolutely no new
information, m,; would be a constant: the agent does not change her belief at all. In the
model, the {K;},., process always carries some information about {0;},, therefore, the
volatility of interest rate achieves its minimum when o, = co. When information quality
gets better, the posterior mean becomes more sensitive to the arrival of new information.
In fact, when 6 is known, m,; moves one on one with movements in 6, and Var, (dr;) ~ ag.
This is the case in which the volatility of m;, and consequently the volatility of the risk-free
interest rate is maximized.

To summarize, my results imply that in an economy with linear production tech-
nology and SDU, the direction in which learning affects equity premium is completely
determined by the RRA parameter, while the direction in which learning affects volatility
of consumption growth is completely determined by the IES parameter. I also show that
learning decreases the volatility of the risk-free interest rate regardless of the preference
parameters. My results are similar in spirit to Tallarini (2000)’s finding in the sense that
the quantity implications of real business cycle models are primarily determined by IES,

and the risk premium of these models are primarily determined by RRA.
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B.3 Comparison with Pure Exchange Economies

The relationship between information quality and equity premium has been studied by
Veronesi (2000), Brennan and Xia (2001), Brevik and D’Addona (2007), among others,
in pure exchange economies. In pure exchange economies with CRRA utility, Veronesi
(2000) establishes the result that learning leads to lower (higher) equity premium if RRA
is higher (lower) than unity, which is the opposite of my result in Equation (29). Here I
briefly compare the intuitions in my production economy with those in the pure exchange
economies.

As discussed in Sections I1.B.1 and II.B.2, learning affects both the agent’s hedging
demand for equity and her optimal consumption-to-wealth ratio. The direction of the
first effect depends on RRA and the direction of the second effect depends on IES. In the
linear production economy considered in this paper, the first effect shows up in equity
premium, and the second effect shows up in volatility of consumption growth. In other
words, learning affects equilibrium price through the hedging demand channel and affects
equilibrium quantity through the consumption-to-wealth ratio channel.

In a pure exchange economy, however, quantity cannot adjust. Consequently learning
affects the equity premium through both channels. Veronesi (2000)’s result works through
the consumption-to-wealth ratio channel, and therefore it is driven by the agent’s IES,
not RRA. The Kreps and Porteus (1978) utility allows me to disentangle the agent’s IES
and RRA, and gain a better understanding of the effect of learning on equity premium.

To see the above more clearly, consider a pure exchange economy in which the repre-
sentative agent has the Kreps and Porteus (1978) SDU as specified in (3). The endowment

process of the economy is assumed to be

dCt = Ct [tht + UCdBCt] 5 (38)
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where {0;},., follows the same process as described in (5). Again, assume
Corr (Be, By) = p.

If the agent does not observe {0,},,, she must update her belief based on the observed

consumption process and an additional source of information denoted by {et}tzoa where
det = Qtdt + UedBet~

I again assume B, is independent of [Bc, By]. The posterior mean of § obeys the following

SDE (again, assuming learning steady state for simplicity):
_ 1 ~ 1 ~
dmy :a(e—mt) dt + U—QE+p09 dBCt+O__QEdBet;
K e

where B¢; and B,; are innovation processes defined by:

1 |dCy

- ~ 1
dBoy = — {— — mtdt:| , dBy = —|

de; — mudt] .
oo | G, €t mt]

e

and Qg is the steady-state posterior variance of 6 in the exchange economy. Using the

logic in (30), the risk premium of aggregate wealth is given by:
gy — Tt = Yo%, + Hedging Demand Adjustment. (39)

In the above economy, learning affects both the myopic demand component and the
hedging demand component of the equity premium.

First, learning increases (decreases) the myopic demand component (the first term in
(39)) of equity premium by increasing (decreasing) the volatility of return to wealth if

1 > 1 (¢ < 1). To see this, using log-linear approximation around ¢ = 1, one can show
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(details in Appendix C):

1) (@1 +a/v) 0Q

9 2
9o, [vo %] = 27 (1 =3 (@t o) 0. (40)

where w; > 0 is a constant defined in Appendix C. By (15), it is clear that the myopic
demand component of the equity premium is increasing in o, if ¢ > 1.

The intuition for this result can be explained by the consumption-to-wealth ratio
channel discussed above. Denote aggregate wealth by W;, and consumption-to-wealth
ratio by x;. The definition of consumption wealth ratio, x; = C; /W, implies the following

variance decomposition:
Var,(InW;) = Var, (InCy) + Vary (Inz,) — 2Cov; (InCy, Inay). (41)

As in equation (37), changes in o, affect the variance of return to wealth mainly through
the third term in (41). Learning creates a positive covariance between innovations in
consumption growth and innovations in expected consumption growth m. If ¥ > 1,
then z is a decreasing function (Proposition 1), and, therefore, learning makes the term
Cov; (In Cy, Inzy) negative. Consequently, the variance of the return to wealth increases
because of learning. Of course if v < 1, the same argument implies that learning de-
creases the volatility of return to wealth. This explains the effect of learning on the
myopic demand component of the equity premium in (40). In Equation (41), I use a vari-
ance decomposition different from Equation (37), because in pure exchange economies,
volatility of consumption growth is exogenous and information quality affects only the
volatility of return to wealth. In the linear production economy that I focus on in this pa-
per, volatility of consumption growth is determined endogenously, and volatility of return
to wealth is completely determined by the exogenous technology.

Second, learning increases the hedging demand component of equity premium if v > 1
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(v < 1). Again, using log-linear approximation around ¢ = 1, one can show (see Appendix

C for details.)

0 (1~ 1) + 1] 9Q

((l + w1)2 aO-e (42)

1
[Heding Demand Component] ~ m (v—1)

e

Therefore, for v close to 1, the hedging demand component of equity premium is increasing
in o, if v > 1. The intuition for this is the same as discussed earlier in Section II.B.1.

In the case of CRRA preference, v = i, the effect on the myopic demand component
of equity premium always dominates. (One can see this by letting v = i and comparing
(40) with (42).) This is why Veronesi (2000) obtained the result that lower information
quality decreases (increases) equity premium if v > 1 (v < 1). The effects of learning on
equity premium are summarized in Table 1. In particular, the following observations are

true:

1. In general, learning increases (decreases) the myopic demand component of equity
premium if ¢ > 1 (¢ < 1), and increases (decreases) the hedging demand component
of equity premium if v > 1 (7 < 1). The overall effect depends on the relative

magnitude of the two.

2. CRRA utility (i.e. v = i) is a special case in which the effect on the myopic demand
component of equity premium always dominates. In this case, learning decreases

equity premium if ¢ < 1 or equivalently, v > 1.

3. A sufficient condition for learning to increase equity premium in general is v > 1

and ¢ > 1.

(Insert Table 1 about here.)
In the case of CRRA, the first-order effect of learning works through the consumption-

to-wealth ratio channel and affects the myopic demand component of equity premium.
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In the general case of Kreps and Porteus (1978) utility, the direction of this effect is
determined by the agent’s IES parameter, not the RRA parameter. In this sense, Veronesi
(2000)’s result is driven by the IES parameter, not the RRA parameter.

In general, both the pure exchange economy and the linear production economy can
be viewed as special cases of models with adjustment cost. Pure exchange assumes infinite
adjustment cost, and the linear production economy considered here has zero adjustment
cost. Adding adjustment cost sacrifices analytical tractability of the model. The above
discussion suggests that in models with adjustment cost, learning affects equity premium
through both the hedging demand channel and the consumption-to-wealth ratio channel.
Although in general the two channels might work in different directions and the total effect
is ambiguous, result 3 above is still true. That is, learning will increase equity premium
if both the RRA and IES parameter are higher than unity.> The simple setting of linear
technology allows me to highlight the hedging demand channel and make unambiguous

predictions about the effect of learning on equity premium.

C Calibration

The purpose of this section is to evaluate the quantitative importance of learning in ac-
counting for some of the key asset pricing statistics in the data. Although the long-run
risk model developed by Bansal and Yaron (2004) provides a successful explanation of
many salient features of the asset market data, the risk premium and the volatility of
the return to aggregate wealth implied by the model is too low relative to the empiri-
cal evidence presented in Lustig, Nieuwerburgh, and Verdelhan (2008). My benchmark
model substantially improves the performance of the Bansal and Yaron (2004) model and
matches the empirical findings of Lustig, Nieuwerburgh, and Verdelhan (2008) quite well.

I set 0. = oo in the benchmark model to maximize the impact of learning. I then de-

Proof of this general case with adjustment cost is available from the author upon request.
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crease 0, and measure the quantitative changes in the model’s predictions for the key
asset pricing statistics.

I choose the preference parameters in line with the long-run risk literature. I calibrate
the discount factor § = 0.0215. This is equivalent to an annual discount rate of 0.98 in
discrete time models. I choose v =9, b = 2.0. These values are close to those used in the
long-run risk literature.

The technology parameters are chosen as follows:

OK a 0 oo

. (43)
0.053 | 0.15 | 0.043 | 0.0085

I rely on the estimation presented in Lustig, Nieuwerburgh, and Verdelhan (2008) to
discipline the choice of  and ox. The parameter 6 determines the mean of return to
aggregate wealth. Lustig, Nieuwerburgh, and Verdelhan (2008)’s point estimate of the
mean equity premium of aggregate wealth is 3.52% per annum.” This estimation, together
with an historical average risk-free interest rate of 0.86% (Table 3) implies an annualized

return on aggregate wealth of 4.38%. I choose § = 0.043. Equation (31) implies:

lim F
A—0

[Rt—i-A

t

-4}:&—1:4%%. (44)

The discrete-time annualized average return generated by my model is 4.38%, almost
the same as the continuous-time limit in (44). The estimated volatility of return to
aggregate wealth by Lustig, Nieuwerburgh, and Verdelhan (2008) is 6% at annual level.

With o = 0.053, Equation (31) implies that the instantaneous volatility of return to

6Bansal and Yaron (2004) use v = 10 and ¢ = 1.5. Bansal, Kiku, and Yaron (2007) argue 7 is close
to 10 and v is close to 2 based on an estimation using the FEuler equation-GMM method.

"The estimations in Lustig, Nieuwerburgh, and Verdelhan (2008) are done at the quarterly frequency
and are annualized in this paper.
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aggregate wealth is:

. Riia
lim Std
11m |: R

A—0

—1‘| :O'K:5.3%.

t
The annualized volatility of return to wealth is also affected by the fluctuations in # and
is, therefore, higher. This brings the volatility of return to wealth in my model to 5.69%,
close to the estimation in Lustig, Nieuwerburgh, and Verdelhan (2008).

Because of the statistical difficulty of estimating the long-run risk parameters, there
is little independent empirical evidence I could use to discipline the choice of a and oy.
Here I choose a = 0.15, so that the monthly autocorrelation of the long-run risk state
variable is approximately e~ 12 = 0.987, close to the 0.979 used in the discrete time model
in Bansal and Yaron (2004). I view 0y as a free parameter and choose oy to maximize the
model’s ability to match the rest of the asset pricing and consumption growth statistics
in Table 2, namely, the first two moments of annual consumption growth, the first two
autocorrelation functions of annual consumption growth, and the first two moments of
the risk-free interest rate. A priori, there is no apparent reason to believe that oy could be
chosen such that all the above moments could be matched. However, as shown in Table
2, my model comes remarkably close.

Table 2 compares the moments of consumption growth, risk-free interest rate, and
return to wealth in the data, with those generated by Bansal and Yaron (2004)’s model
and those generated by my benchmark model. Data moments of consumption growth and
the risk-free interest rate are taken from Bansal and Yaron (2004). Data moments of the
return to aggregate wealth are taken from the estimation in Lustig, Nieuwerburgh, and
Verdelhan (2008). Table 2 shows that the consumption growth statistics and moments of
risk-free interest rate in my model are very close to their empirical counterparts, and to
those produced in the Bansal and Yaron (2004) model. However, my model produces a
significantly higher equity premium and volatility of the return to aggregate wealth.

(Insert Table 2 about here.)
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My procedure of calibrating the technology parameters differs from that used in most
of the production-based asset pricing literature, for example, Rouwenhorst (1995), Jer-
mann (1998) and Boldrin, Christiano, and Fisher (2001). It is a well-known fact that
incorporating production presents additional challenges for general equilibrium models to
generate a realistic equity premium (Rouwenhorst (1995)). One of the reasons is that the
physical capital in the data is very smooth. In order to generate large fluctuations in the
equity price, one has to rely on adjustment costs as in Jermann (1998) or real rigidity as
in Boldrin, Christiano, and Fisher (2001). However, since I do not explicitly model labor
in my model, K; should not be interpreted as physical capital. It should be interpreted
as aggregate wealth, the bulk of which is human capital. This is the reason I use the
empirical estimates of moments of return to aggregate wealth to discipline my choice of
the technology parameters.

The keys to understanding why my model delivers better results on the statistics of
return to aggregate wealth are the role of learning and the choice of the parameter oy.
First, learning and a large oy keep the volatility of consumption growth low. In my
calibration, g—f{ = 0.16. The discrete-time, pure-exchange-economy counterpart of this
number in Bansal and Yaron (2004) is 0.044, which is much lower. Note that I choose
ok = 0.53 to deliver the high volatility of return to aggregate wealth. Without learning,
this would imply a volatility of consumption growth of roughly the same magnitude,
which is much higher than the 2.9% documented in Bansal and Yaron (2004). In fact, as
shown in Table 3, the volatility of consumption growth in an otherwise identical model
without learning is 5.9% per annum. As explained in Section II.B.2, large fluctuations
in @ cause considerable movement in the consumption-to-wealth ratio, which offsets the
large volatility of return to aggregate wealth because of learning, making consumption
growth much less volatile.

Second, learning and a large oy generate a large equity premium. The high volatility
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of 6 implies that the continuation utility of the agent is volatile, and, therefore, so is the
pricing kernel. Learning creates a high exposure of the return to aggregate wealth to
fluctuations in the pricing kernel, creating a high level of equity premium (to be precise,
a high level of premium for long-run risks, as I will explain later in this section).

Finally, learning dampens the fluctuations in expected consumption growth, and keeps
the volatility of the risk-free rate low. Note that a high level of oy implies that the
predictable component of consumption growth is volatile, which, without learning, will
lead to a counterfactually high volatility of the risk-free interest rate. As explained earlier,
learning also helps smooth the risk-free interest rate, so the volatility of risk-free interest
rate in my model remains low.

To quantify the importance of learning, I compare the predictions of the model for
various choices of the information quality parameter o.. Table 3 documents the moments
of consumption growth, the equity premium of aggregate wealth, and the risk-free interest
rate generated by the model for various levels of o.. 0. = 0 corresponds to the completely
observable case, and o, = 0o corresponds to the benchmark partially observable model.

(Insert Table 3 about here.)

As T decrease o, from oo to 0, the mean consumption growth rate increases slightly.
The volatility of consumption growth increases from 3.15% to 5.9%. At the same time, the
equity premium of aggregate wealth decreases from 3.50% to 2.53%, by 28%. Furthermore,
the mean risk-free interest rate increases from 0.87% to 1.85%, which echoes the change
in the risk premium. The standard deviation of the risk-free interest rate increases from
0.59% to 1.40%. These all confirm the theoretical results obtained in Sections II.B.1 and
I1.B.2.

To better understand the effect of information quality on equity premium, it is useful
to decompose the equity premium into premium for long-run risks and premium for

short-run risks. The decomposition follows Bansal and Yaron (2004) and Bansal (2008).

$Bansal and Yaron (2004) and Bansal (2008) use discrete time models. Their decomposition relies on
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I briefly explain the decomposition in the context of my continuous time model. The

consumption process of the economy follows a diffusion process of the following form:
dCt = Ct [:U’Ct + UCtdBCt] s (45)

where B¢ is some appropriately defined Brownian motion. Using Proposition 1, one can
write the continuation utility of the representative agent as

Vi= Tﬁwh H (m,)" C,. (46)

Using Equations (45), (46), and (62) in Appendix B, the state price process can be written

as:
Y= i H' (my;0.)

mdBot |
1—7 H(mt;ae)a !

dmy = [—Ttdt —yocidBey — ¢

where r; is the risk-free interest rate. Therefore the risk premium of an asset with cumu-

lative return process given in (9) is

Y= i H' (my;0.)

dR; dm
d d ) pm,PO-mO-Ptv (47)

= —C ik Aelal )
Hre — Tt ovy ( R, 7Tt> YPe,poctopt + ¢

1—~ H(my; 0.

where

pc.p = Corr (Bc,Bp); p,, p=Corr <§m, Bp> )

Note the term yps pociopy in Equation (47) is the Lucas (1978)-Breeden (1979) for-
mula for equity premium. That is, it is the equity premium that would obtain with
expected utility. This term depends only on the instantaneous covariance between the
innovations in consumption growth (dct) and the innovations in return (de) I define this

part of risk premium as premium for short-run risks. Intuitively, premium for short-run

the approximation results of Campbell and Shiller (1988). As shown in this paper, the decomposition is
exact in continuous time models.
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risks is the compensation for the asset’s exposure to the risks associated with fluctuations
in the short-run component of consumption growth, namely dB¢; in Equation (45). Using
(34) and (31), one can show that the premium for short-run risks is given by

1— H (my;0.) 9 1-—

2 g
YOk T — v H (my; 0.) Gl +Q)} it {0K+

L oo+ Q)] ()

where the approximate equality makes use of the log-linearization result in (28).

The term 1)~ — ﬁ % Pm.pTm0pt in Equation (47) is special to the Kreps and Por-

teus (1978) utility. It would vanish in the case of expected utility, i.e., v = i Note

this term depends on the covariance between innovations in the persistent component of
consumption growth (dm;) and innovations in return (@) I define this part of the risk
premium as premium for long-run risks. It is the compensation for the asset’s exposure to

the risks associated with fluctuations in the long-run component of consumption growth,

namely dm,. Using (31) and (20), the premium for long-run risks is given by:

I S . — 3
2 wH<mt’06)(PUK09+Q)%?/}fY ¢(P0K09+Q)‘ (49)

¢1—7H(mt;0e) a+ Ky

Now it is clear why the Lucas (1978)-Breeden (1979) formula in (26) obtains in the case
0. = p = 0 even in an economy with Kreps and Porteus (1978) utility. o, = p = 0

implies that the innovations in the persistent component of consumption growth (dmy)

dR¢

A ) are uncorrelated, therefore the premium for long-run

and the innovations in return (%
risks vanishes even though ~ # 1 7

Columns 5 and 6 of Table 3 show the decomposition of the equity premium in the
benchmark model for various choices of the o, parameter. If o. = 0, or equivalently, 6 is
observable, the risk premium of aggregate wealth comes completely from compensation

for short-run risks. As discussed above, the Lucas (1978)-Breeden (1979) formula obtains

despite v # i Note also, risk premium in this case, although quite high, is associated
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with a counterfactually high level of volatility of consumption growth.

Once the external source of information (e;) is contaminated with noise, i.e., 0. > 0,
the agent can no longer distinguish completely the short-run and the long-run fluctuations
in the return to aggregate wealth. Optimal learning implies that the covariance between
innovations in the expected and the realized return to aggregate wealth (that is, the term
pokog + @ in Equations (48) and (49)) increases with o.. Equation (48) implies that
the premium for short-run risks is decreasing in o, if ¢ > 1, consistent with the results
obtained in Section II.B.2: volatility of consumption growth is decreasing in o, if ¢» > 1.
Equation (49) implies that the premium for long-run risks is increasing in o, if v > 1.
One can show that the long-run risks channel always dominates by combining Equations
(48) and (49). This confirms the result obtained in Section II.B.1: equity premium is
increasing in o, if v > 1. The calibration results are shown in Table 3. As o, increases
from 0 to oo, the premium for short-run risks decreases from 2.53% to 1.49%, while the
premium for long-run risks increases from 0 to 2.01%. The fact that the volatility of
aggregate consumption growth is small in the data implies that the premium for short-
run risks generated by the model is necessarily small unless I use an implausibly high ~.
As shown in Table 3, in the benchmark model with o, = oo, the bulk of the total risk

premium is compensation for long-run risks.

IIT Welfare Gain of Information

A Decomposition of Welfare (Gain

In this section, I discuss the welfare gain of information about the long-run risk state
variable {6,},., in the production economy considered above. In the case of expected
utility, the agent is averse to fluctuations in consumption, but not to fluctuations in

continuation utilities. In the case of recursive utility that features preference for early
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resolution of uncertainty, the agent is also averse to fluctuations in continuation utilities.”
From the asset pricing perspective, this means any return correlated with fluctuations
in continuation utilities must pay a premium, which is the premium for long-run risks
discussed in the last section. From the welfare perspective, this means better information
will lead to a welfare gain even if it does not change the allocation. I show that welfare
gain from this channel could be quantitatively important.

I first provide a definition of the decomposition of welfare gain of information. I
show that the welfare gain of information can come from two channels, welfare gain from
early resolution of uncertainty; and welfare gain from resource allocation. 1 continue to
consider the SDU specified in (1) with normalized aggregator A (V') = 0. I will use M; to
denote the certainty equivalent functional'® with respect to the trivial ¢ field. Intuitively,
the agent’s date-0 utility V) may depend on the information available at date 0, and
is therefore a random variable. My (V) is the unconditional certainty equivalent of the
stochastic utility V5. Since I am working with the normalized aggregator, i.e. A = 0,
it can be shown that the certainty equivalent functional coincides with the expectation

functional (Duffie and Epstein (1992b)), that is,

My (Vo) = E[Vi). (50)

For simplicity, I continue to assume learning steady state at date 0. Therefore the condi-
tional distribution of 0y given mq is N (my, @), where @ is given in (14). T also assume at

date 0, before any information is revealed, the prior distribution of my is its steady-state

distribution implied by (11), i.e. N <9 Ug”).

’ 2a

At any date t, the history of the partially observable economy can be summarized

9 Another way of interpreting preference for early resolution of uncertainty is aversion to persistence.
This is emphasized in (Piazzesi and Schneider (2007)).

0T be accurate, the certainty equivalent functional associated with the aggregator (f,.4). The nor-
malization A = 0 implies that My is the expectation functional.
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by the triple of state variables (6, m;, K;). Let C' (m, K)'"" be the optimal consumption
policy of the agent, and V' (m, K) be the value function as given in Proposition 1. Then
Vt > 0, the agent’s date-t consumption C; and date-t utility V; satisfies:
1
Cr=C(m,K); Vi=V(my, ;) = ———H (my) K.
-7
Now consider increasing the consumption of the agent permanently by a fraction of A €
(—1,00).'2 That is, V¢ > 0, the date-t consumption level is changed to (1 + \) C (my, K3).

Denote the associated utility process by {Vt’\} then V» is a time-invariant function of

t>0°

the state variables, which I denote as V* (m;, K;). By homogeneity,
‘/;\ = V)\ (mt, Kt) = (]. + )\)177 Vv (mt, Kt) .

That is, V;* = V* (my, K;) is the date-t utility of a hypothetical agent in the partially
observable economy whose consumption is increased permanently by a fraction of .

Similarly, in the completely observable economy, the consumption process C; and
utility process V; are time-invariant functions of the state variables:

_ _ _ 1 _
Ot = C(@t,Kt) 3 ‘/;5 = V (Ht,Kt) = 1—H (et) Ktl 7.

where the value function V (6, K) and the consumption policy function C' (#, K) are de-
fined in Equation (24). Presumably, knowing more information improves the agent’s
welfare:

MO D_/ (90, K())} Z M() [V (mg, K())] . (51)

The interpretation of the above expression is that, at date 0, before any information is

For notational convenience, I suppress the dependence of the value functions and policy functions on
Oe.
12X > 1 guarantees that the consumption in the economy is always strictly positive.
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revealed, the agent will prefer a completely observable economy to a partially observable
economy with the same initial condition. A sufficient condition for (51) is that the agent
weakly prefers early resolution of uncertainty. Regardless of whether (51) holds or not,
one can quantitatively measure the welfare gain of the information by the parameter A
that satisfies:

MO |:V/\ (mo, K())} = MO [‘7 (QQ, K())] . (52)

Definition 1 Welfare Gain of Information

Welfare gain of information is measured by the parameter A\, which is the percentage
of permanent consumption increase in a partially observable economy that is needed so
that the representative agent is indifferent, at date 0, before any information is revealed,
between the partially observable economy and a completely observable economy with the

same nitial condition.

In other words, the welfare gain of information is measured by the A that equalizes the
date-0 certainty equivalent in a partially observable economy with that in a completely

observable economy as defined in Equation (52). By (50), Equation (52) is written as:

1 1
E|(14+XN"7 :H(mo;ae) K&”} = F {EH (00) K, 7| .

Therefore, A can be solved as:

1
E[H (0 -
TR IURES
E[H (m;o.)]
The welfare gain can be decomposed into gain from early resolution of uncertainty
and gain from resource allocation. Before giving formal definitions to these concepts, I
first introduce the notion of completely observable economy with information-constrained

allocation. It is useful to consider the following thought experiment. Consider an agent
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in a partially observable economy who has already made a complete set of plan for her
posterior belief and consumption for all future contingencies according to (6), (11)-(13)
and (22). I will call the posterior belief and consumption of such an agent, as described
above, the information-constrained belief and the information-constrained consumption,
respectively. Suppose now at all ¢ > 0, the true value of 6, is revealed to the agent,
however, the agent is not allowed to change her information-constrained consumption.
(Presumably, the agent would like to reoptimize and choose a different consumption plan,
because more information is available.) I define U; as the date-t utility of such an agent
whose information-constrained posterior belief about 6; is m;, who has capital stock K;,
and who will be informed of the true state of the economy at all future dates s > ¢. Then

the recursion relation that defines the {U:},., process is:
Vtz(), Ut:E|:/ f[C(ms,Ks,(fe),Us]dt|Kt,9t . (53)
0

Definition 2 Completely Observable Economy with Information-Constrained Allocation
A completely observable economy with information-constrained allocation is an econ-
omy in which the representative agent’s information filtration is F, and in which the

representative agent chooses the information-constrained consumption plan as determined

by (6), (11)-(13) and (22).

In other words, the information set of the representative agent in a completely observ-
able economy with information-constrained allocation is identical to that of an agent in a
completely observable economy with the same initial condition; however, her consumption
allocation is identical to that of an agent in a partially observable economy with the same

initial condition. Her life time utility is given by (53). Appendix D shows that U; is a
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time-invariant function of the state variables (my, 6;, K;) of the form:

1 _
Ut =U (Qt,mt,Kt) = :G (Qtamt) Ktl ’Y’ (54)

where G (0, m) satisfy the PDE (89) in Appendix D. I also use U}* to denote the date-
t utility of such an agent whose information-constrained consumption is increased by a

fraction of A for all ¢ > 0. Vt > 0, Ut)‘ is defined by the following recursion relation:
vt>0, U'=FE Uooof [(1+X)C (my, Ky 0.), UL dt | Ky, 6,
Again, U} is a time-invariant function of the state variables. Homogeneity implies:
U} = U0, m, K;) = (1+ XU (0, my, K) -

The formal definitions of welfare gain from early resolution and welfare gain from

resource allocation are stated below.

Definition 3 Welfare Gain from Early Resolution of Uncertainty

Welfare gain from early resolution of uncertainty is measured by the parameter Ag,
which is the percentage of permanent consumption increase in a partially observable econ-
omy that is needed so that the representative agent is indifferent, at date 0, before any
information is revealed, between the partially observable economy and an economy with
the same initial condition and the same information-constrained allocation, but with com-

pletely observable state. That is, it is the unique Ag that satisfies
Mo [V/\R (mo, Ko)j| = MO [U (90, myo, Ko)] . (55)

Definition 4 Welfare Gain from Resource Allocation

Welfare gain from resource allocation is measured by the parameter \j, which is the
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percentage of permanent consumption increase in a completely observable economy with
information-constrained allocation that is needed so that the representative agent is in-
different, at date 0, before any information is revealed, between the completely observable
economy with information-constrained allocation and a completely observable economy
with the same initial condition, but in which the agent chooses consumption allocation

optimally given all available information. That is, it is the unique \4 that satisfies
MO [UAA (eo,mo, Ko)} = M() [‘_/ (00, K())] . (56)

To understand the above definitions, let’s consider the following two-stage experiment
in a partially observable economy with the consumption process {C' (my, Ki)},5q, and
the utility process {V (my, K¢)},~o- In the first stage, we reveal the true state of the
economy, #; to the agent at all ¢ > 0. However, the agent is not allowed to update her
consumption policy according to the new information. In particular, she will continue
to use the information-constrained consumption policy at all times in the future. The

agent’s utility process {U;},., is given by (53) above. Suppose
My [U (0o, m0, Ko)] > Mo [V (mo, Ko)] , (57)

that is, at date 0, before any information is revealed, the agent will prefer a completely
observable economy with information-constrained allocation, to an otherwise identical
partially observable economy. Note that the allocation associated with U (6g, mg, Ko)
and V (mg, Ky) are identical, so the welfare gain from V (mg, Ky) to U (0y, mg, Ko) is
completely due to the better information about future consumption. I term this com-
ponent of the welfare gain the welfare gain from early resolution of uncertainty. For an
expected utility maximizer, there is no welfare gain associated with more information

as long as the information does not change the allocation. In fact, one can show for a
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recursive utility maximizer, (57) is true if and only if the agent prefers early resolution
of uncertainty in the sense of Kreps and Porteus (1978). So the terminology is indeed
appropriate. Regardless (57) holds or not, one can always increase the consumption in the
partially observable economy by a fraction of A € (—1,c0), so that the agent is indifferent
between the partially observable economy and the completely observable economy with
information-constrained allocation. This is my measure of welfare gain from early reso-
lution of uncertainty, Ag. By definition, A equalizes the data-0 certainty equivalent in
a partially observable economy with that in an otherwise identical completely observable
economy with information-constrained allocation, as defined in (55).

From Kreps and Porteus (1978), Epstein and Zin (1989),and Weil (1989), v > 1/¢(y <
1/1)) corresponds to the case of preference for early (late) resolution of uncertainty. There-
fore, under the parameter values in the calibration in Section II.C, the welfare gain from
early resolution of uncertainty is positive.

In the second stage of the experiment, we let the agent in the completely observable
economy with information-constrained allocation re-optimize the consumption-saving pol-
icy given all available information. The welfare gain from resource allocation is the welfare
gain from re-optimizing the consumption-saving policy in the presence of better informa-
tion. The welfare gain from resource allocation must be positive, since the agent can at
least choose the information-constrained consumption allocation. Now consider increas-
ing the information-constrained consumption permanently by a fraction A 4. Since utility
is strictly increasing in consumption, I can always choose A4 so that the agent is just
indifferent between the completely observable economy with information-constrained al-
location, and the complete observable economy with optimal consumption allocation given
all available information. In other words, A4 equalizes the data-0 certainty equivalent in
a completely observable economy with information-constrained allocation with that in

an otherwise identical completely observable economy, but, in which the agent chose the
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optimal consumption allocation given all available information. This is the interpretation

of Equation (56). By definition,
1+ A= (14 Agr) (14 Aa).

This is the sense in which the welfare gain from early resolution of uncertainty and the
welfare gain from resource allocation sum up to the total welfare gain.

In the context of the production economy I consider in this paper, the welfare gain
from resource allocation arises because of the presence of a non-trivial intertemporal saving
technology. In pure exchange economies, of course, welfare gain from allocation is always
0. The following proposition provides explicit formulae for the decomposition of welfare

gain:

Proposition 3 Welfare Gain of Information.

The decomposition of welfare gain of information is given by:

1+/\:{%}1—177

E[G <e,m;ae>1}l—lg

1“R:{ EH (m;0,)

and

1HA:{ E[H(e-)]m}llv'

Proof. See Appendix D. =
In the special case 1 = 1, A\, Ag, and A4 can all be solved in closed form. Using

arguments similar to those in Appendix B, one can show in this case,

H(Q) - G(@,m) — €A+B9; H(m,O-e) — €A+Bm+BZQ
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where A and B are given in Equations (73) and (74) in Appendix B. Assume the ex ante
belief about 6 and m is the steady-state distribution of (6, m), using Proposition 3, it is

straightforward to show:

1 ~v—1
1+)\:1+)\R:€XP{§(CZ+—5)2 }; )\A:O (58)

The intuition for A4 = 0 is that in the case 1) = 1, consumption-to-wealth ratio is constant,
and, therefore, the optimal consumption policy does not depend on information about the
state variable . Consequently, welfare gain from resource allocation is zero. In general,

if 1) # 1 the optimal consumption policy will depend on the information and A4 > 0.

B Quantitative Welfare Gain of Information

Having defined the decomposition of welfare gain of information, I can evaluate the quan-
titative importance of these channels of welfare gain in the calibrated economy in Section
II.C. Table 4 summarizes the numerical results for the decomposition of welfare gain
of information in the benchmark partially observable economy (0. = 0o0) under various
values of IES. All other parameters are the same as in the calibration in Section II.C.

(Insert Table 4 about here.)

First, there is a sizable welfare gain of information under all choices of the IES para-
meter. As shown in Table 4, the welfare gains of better information in the benchmark
model with 1) = 2.0 is equivalent to 2.81% of permanent increase in annual consumption.
The total welfare gain is above 2.69% for all choices of the IES parameter. Note even in
the case o, = 00, it is not true that the agent has no information about the long-run risks.
In fact, the agent can still update her posterior beliefs about the long-run risks through
observations of the return of the technology. Taking this into consideration, the welfare

gain of more than 2.69% of permanent increase in annual consumption seems quite high.
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Second, most of the welfare gain comes from the early resolution of uncertainty chan-
nel. From Table 4, the welfare gain from resource allocation is smaller at least by an
order of magnitude than the welfare gain from early resolution of uncertainty in all cases.
As discussed earlier, Ay = 0 if ¢y = 1. Fro ¢ = 1.5, the optimal consumption-to-wealth
ratio is not very sensitive to 6, therefore, welfare gain from resource allocation is very
small. In fact A4 is so close to 0 that it cannot be accurately computed numerically. Both
components of the welfare gain increases with the IES parameter ¢. Ap is increasing in
IES because a higher TES is associated with a stronger preference for early resolution of
uncertainty. A, is increasing in TES in the range ¢ € [1,00) because a higher TIES im-
plies that the optimal consumption-to-wealth ratio is more sensitive to 0.'* However, the
welfare gain from resource allocation remains below 0.3% of permanent increase in con-
sumption for all values of ¥. To summarize, the welfare gain of better information can be
important, but most of the gain comes from preference for early resolution of uncertainty,
not from improving the allocation of resources of the economy.

The high welfare gain of information from the early resolution of uncertainty channel
found in this paper is consistent with the findings in Croce (2006) that the welfare gain
of completely eliminating long-run risk is very high. Both of our results are outcomes
of the agent’s strong preference for early resolution of uncertainty under the calibrated
preference parameters.

The asset pricing and welfare implications of information about long-run risks are both
manifestations of the agent’s strong preference for early resolution of uncertainty. There-
fore experimental evidence on individuals’ preference for early resolution of uncertainty
should be viewed as evidence on the plausibility of the long-run risk asset pricing model.
The intuition for the tight link between the asset pricing and the welfare results in this

paper can be explained as follows. If v = =, the agent is only averse to fluctuations in

1
Ea

13The same arguement implies that A4 is decreasing in ¢ in the range ¢ € (0, 1]. Although not shown
here, numerical results indicate this is indeed the case.
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consumption, but indifferent to fluctuations of continuation utility as long as the expected
continuation utility is kept constant. In this case only short-run fluctuations of consump-
tion enter the pricing kernel and affect the agent’s welfare. Learning does not generate
a premium for long-run risks, nor does it imply any welfare gain from early resolution
of uncertainty. If v > i, the agent is not only averse to fluctuations in consumption
but also to fluctuations of continuation utility. Mathematically, v > i implies that the
intertemporal utility aggregation functional is concave in continuation utility. A higher
distance between v and i implies a higher curvature of the intertemporal utility aggrega-
tion functional with respect to the continuation utility, thus a higher degree of preference
for early resolution of uncertainty. From the asset pricing perspective, this increases the
volatility of the stochastic discount factor and, therefore, the equity premium for long-run
risks. From the welfare perspective, this implies a higher welfare gain from early reso-
lution of uncertainty. The decomposition of welfare gain of information in Proposition
3 and the quantitative results in Table 4 provide an intuitive measure of preference for
early resolution of uncertainty and may be used in designing experiments on individuals’

preference over timing of resolution of uncertainty, which will provide important insights

on the plausibility of the long-run risk asset pricing model.

IV Conclusion

I study the asset pricing and welfare implications of information quality about the long-run
growth rate of the economy in a simple production economy. I show that the relationship
between information quality and equity premium depends on the RRA parameter, and
the relationship between information quality and the volatility of consumption growth
depends on the IES parameter. I show that under plausible parameter values, learn-
ing generates higher equity premium, lower volatility of consumption growth, and lower

volatility of risk-free interest rate. All of the above channels are quantitatively significant
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and lead to substantial improvement of the Bansal and Yaron (2004) model in terms
its predictions for the first two moments of the return to aggregate wealth. My welfare
analysis implies that if one is to take the evidence from asset market data seriously, then
the welfare gain of better information that comes from the early resolution of uncertainty
channel can be more than 2.69% of permanent increase in annual consumption. This
implies that a better understanding of the long-run risks of the economy has important
welfare consequences even if it might not result in significant improvements in resource
allocation.

Three elements in the model are essential for the asset pricing and welfare results:
Kreps and Porteus (1978) utility, learning, and production. As explained in Sections II
and III, the Kreps and Porteus (1978) utility is important for the asset pricing results
because it achieves a separation between RRA and IES, and is important for the welfare
analysis because it gives rise to a nontrivial preference for the timing of resolution of
uncertainty.

Learning is important both from the asset pricing and the welfare perspective. It is
well known that an economy with learning is observationally equivalent to another econ-
omy without learning, with appropriately redefined state variables.!* The asset pricing
results of this paper could be interpreted, therefore, as follows: the conditional distrib-
ution endogenously generated by learning improves the performance of the Bansal and
Yaron (2004) model without learning and is quantitatively significant. The same asset
pricing results can be obtained by assuming exogenously the conditional distribution of the
state variables. The welfare analysis shows that the fact that the observed consumption
data and equity price data come from an economy with learning has important welfare
consequences: better information could lead to significant welfare gains, even if it does

not affect the allocation of the economy.

!4The precise statement of this claim can be found for example, in Veronesi (1999).

43



The assumption of production economy is not essential for delivering the asset pricing
statistics, but is important for the two thought experiments conducted in the paper.

Although the Bansal and Yaron (2004) model is a pure exchange economy, and mine is
a production economy, the similarity between the consumption process (Table 2) generated
by the two models indicates that one could obtain the same asset pricing results by
assuming, ezogenously, a different covariance structure of the state variables in the Bansal
and Yaron (2004) model.

However, one needs a production economy model to answer the question: "How would
the asset prices be changed if information quality gets better?," and the question: "How
would information quality improves economic welfare?" The assumption of production
economy recognizes the fact that as information quality changes, the agent will change the
consumption-saving policy given all available information. Changes in the allocation of the
economy will affect, in general, both asset prices and economic welfare, the quantitative
importance of which needs to be gauged in a well-specified production economy.

The assumption of linear production technology is employed for simplicity. The linear
production technology probably does not capture all the important aspects of the real
world that are needed to answer the quantitative asset pricing questions we posed. One
needs a more sophisticated, real business cycle to check the robustness of the asset pricing
results. However, it is reasonable to believe that the basic welfare result obtained in this
paper will hold in much more general settings. My result implies that the welfare gain
from early resolution of uncertainty is quantitatively important, while the welfare gain
from resource allocation is negligible. In any production economy that endogenizes long-
run risks, the fact that long-risks carry a large premium implies a non-trivial welfare gain
associated with eliminating or mitigating the risk. As noted in Section III of the paper,
this is the consequence of the strong preference of early resolution of uncertainty under

the parameterization of the preference. The welfare gain from allocation is likely to be
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small. Information about long-run risks changes allocation by affecting the consumption-
to-wealth ratio. The calibration in Section III implies that as long as the IES parameter
is not too large, the optimal adjustment of the consumption-to-wealth ratio does not
generate significant welfare even in a model without adjustment cost. Production-based
asset pricing models typically assume adjustment cost or real rigidity, both of which are

likely to make the welfare gain from allocation even smaller.
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Appendices

A Proof of Proposition 1

The HJB equation for the Pareto optimality problem in (18) is written as:
mgx{f(C,V(m,K))—i—EV(m,K)} =0 (59)
where L is the differential operator associated with the process {K;} and {m.}, i.e.,

1
LV(m,K) = (Km—c)Vg+ §K2U§VKK

— 1
t+a (9 - m) Vin + 50-371me + (pokog + Q) KV,

By homogeneity, V' must be of the form in (21). Monotonicity of value function with

respect to m implies H (m;o.) is strictly increasing (decreasing) in m if v < 1(y > 1).

Using (21) to simplify the HJB equation, and denoting = = %, one has:

1o 1=1/w

max {L 1‘%H(m; oe) T+ (m — T — %’Yﬁ() H (m; Ue)} (60)

8

1 - (o
_Va(é’—m) +<P0'KU€+Q>:| H' (m;o.)

o2 H" (m;0,) =0

The first order condition in the HJB equation in (60) implies the optimal consumption
policy function is of the form in (22), and z(m;o.) is the consumption-to-wealth ratio

given by (23). Using the optimal consumption policy, the HJB in (60) can be simplified
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to an ODE of H (m;0.).

1
- - o) (61)
H (m;o.) 1 1 5 H"(m;o.)
H (m;o.) 21— 'yam H (m;o.)

LT TR =
ﬁﬁ H(m;oe)T™ + (m
a(0—m)+ (poxog+ Q)]

+ =0

1=

Finally, monotonicity of H (m;o.) implies H (m; O'Jﬁ is always a strictly increasing
function of m. This implies the consumption-to-wealth ratio function in (23) is strictly

increasing (decreasing) in m if ¢ <1 (¢ > 1).

B Proof of Proposition 2

As shown by Duffie and Epstein (1992a), in an economy with recursive preference, the

state price process, denoted {m;}:>o satisfies:

I _ e (CL Vi) + fi (Co Vi) dt (62)

ur

Using results in Proposition 1, and applying Ito’s formula, one can show ; is a diffusion
process of the form:

H' (my;0.)

mdBy,
H (mt’ O_e) g t (63)

dmy = 7 | —redt — yaKdBKt +

where r; is the risk-free interest rate.
Absence of arbitrage implies that the risk premium of the cumulative return process

{ R}, defined in (9) must satisfy:

dm, th) (64)

Upy — Tt = —Ccovy | —, ——
T Iy

Using (31) and (63), one can obtain (25). The completely observable economy corresponds
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to the case o, = 0. In this case @ = 0 and the risk premium is given by (33).

I now derive a closed form expression for Equation (25) using the log-linearization
method proposed by Campbell, Chacko, Rodriguez, and Viceira (2004). Note the only
nonlinear term in (61) is Y H (m)%, which is exactly the consumption-to-wealth ratio

function z (m;o.). Using log linear approximation of x (m; o), I have

] :f In H (m;0,) (65)

x(m) = ko + K1logz (m; o) = Ko + K1 In 5+ Ky

where

Ko = k1 (1 —log 1) (66)

and k; can be chosen as the consumption-to-wealth ratio when m is equal to its uncondi-
tional mean 6

K1 =1 (9; ae)

Using (65), one can approximate the ODE in (61) as:

7 i N {no + k1 log B+ Ky 1:? log H (m; ae)} + (m — 1 _61/¢ - %70%) (67)
+ L i o (6 —m) + (poxog + Q)] [;[,((Z;g:)) %1 i fyafn[g(ﬁ;r?;e)) =0
I guess H (m;0.) is of the form
H (m;o.) =exp (A+ Bm) (68)
Using method of undetermined coefficients, I have
S (69)
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and

A= %{%aiB2+ [(1—7) (poKoo + Q) + af] B—i—D} (70)
1
where
L—x 1 2
D= 1= {—l‘io —rylog B+ B — 5’7(1 — ) O'K}
Using (68),

Hl(m;ae)_ - 1_7
H(m;o,) b= a+ ki (71)

Therefore the risk premium can be approximated by

— ! (rios+ Q) (72)

R1

v
,uRt_Tt%/VU%(—i_a

This above approximation is exact if 1» = 1, in which case

_1=n
B= s (73)

A= {58+ [0 o0 + Q) 48] B+ (1 =) (1o~ 6 - 570k )}
(74)
C Equity Premium in the Pure Exchange Economy

Consider a pure exchange economy where the representative agent has the utility function
given in (1), and (2), and the consumption process given in (38). Denote the representative
agent’s utility process in the pure exchange economy as {Vg .}, then Vg, = Vi (my, Cy)

must satisfy the following HJB equation (Duffie and Epstein (1992b)):

f(C Vg (m,C))+ LVg(m,C)=0 (75)
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Homogeneity of the utility function implies

1
lL—vy

V(m,C) = Hg (m;o.)C* (76)

for some smooth function Hg. Combine (75) and (76), Hg (m;o.) must satisfy the fol-

lowing ODE:
B 1-1/9 6 1 2
H . e 1— -
. Hy(m;o,) 1 1 Hj; (m; o)
g_ E )y Ve - 2 E Ve
+ T VG( m) + (pocog + QE)] Hy (m;00) + 91— ’Yo-mHE (m; o) 0

where Qg is the steady-state posterior variance of 6; in the exchange economy. Using a

log-linear approximation argument similar to that in Appendix B,

HIE (m’ 06) ~ 1- v (78)

Hg (m;o.) “ a4 w

where w; is the steady-state consumption-to-wealth ratio in the exchange economy.

Using (62), the state price process of this economy is given by:

1
dm o~V HL (my; o0
— = —rpgdt — YocdBey + v 5 (mi; o)

05 mdBg m 79
T 1 —~ Hg (my;0.) E, B,mi (79)

where rg; is the risk-free interest rate in the exchange economy, and

2 2
T = \/ (sm@etpm) +(-0) =0t~ 2005 (50)

The Brownian motion B E£.mt 1s defined by:

~ 1 1 ~ 1 ~
Bgmt = —— K—QE + PUe) Bey + O__QEBet:|

OEm oc
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The aggregate wealth measured in terms of current period consumption is the present

value of future consumption stream and is given by:

1 1-1/y
Wt = BHE (mt;ae) I—y Ct (81)

Using Ito’s formula, I have

dw, ~ 1= Hy(my o
2t tydt + ocdBey + Bl (mt’ ? )

Wi

md B 82
= Hy (i) Em o (82)

where iy, is the instantaneous expected return of the aggregate wealth in the pure ex-

change economy. Therefore,

2 1
AW, 5 (1=3\ (Hplmgo)\® , 1= 3 Hp(msoo)
1% — | = 2
o ( Wi ) UC+<1 -7 Hpg (mt;Ue) Temt 11—~ Hg (mt;%) (pacag - QE)
(83)

Using (79), (82) and the formula for equity premium (64), the equity premium on

aggregate wealth is given by:

Hre=Te = 70¢T (1—7)? Hg (myg;0.) O Em
1
— 3 Hi, (my;00)
1 G| ST
+ |1 +7) ] Hp (my o) (pocog + Q)

The total equity premium in (84) can be decomposed into a myopic demand component
and a hedging demand component as in (39). Denote the myopic demand component of

the equity premium as M Dy, using (83) and (80),

AW,

MD; =~Vary (W)

2
_ 1 H o, 2 1_lH/ o,
=7 02C+< d}) ( E(mt70)) (05 —20Qp) +2 - E(mt’0>(PUcUo+QE)

Hg (my; o) 1 —~ Hg (my;0.)
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The hedging demand adjustment term, denoted H D; is therefore given by

HDy = (ppy — 1) — MD,

1—-4 / . 2 / .
_ _l{ v <HE (mt,ae)> (0'3—2CLQE) —i—M(pUcUe‘FQE)}

¢ 1—~v \Hg (mt30e) Hpg (mt;Ue)

Using (78) to simplify the above expressions, I have:

)
MD, ~ ol + > 7 (52— 2q +2 v oo0g +
1R Y06 (a+w1)2( 9 Q) P (pocog + Q)

(=)=

l—v
HD, ~ —— 2_92 + +
’ 7 @t o) (05 — 20Qp) P (pocog + Q)
Therefore,
0 1\ (w1 +a/v) 0Q
MD; ~2v|1—— 85
o upxy (1-7) o (85)
and
0 1 la(1/¢ — 1)+ k1] 0Q
HD ~ —(v—1 86
Note for 1 close to 1, the sign of (85) is determined by 1 — i, and the sign of (86) is
determined by v — 1. If I impose v = i, then
0 1 =90
D, e =T ( w) o+ @ do, (87)

Note (87) will have the same sign as (85), that is, the effect through the myopic demand

component dominates.
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D Proof of Proposition 3

Using the HIB equation for SDU, U (6, m, K) must satisfy:
f(C(m,K;0.),U(@0,m,K))+ LU (0, m,K) =0 (88)

where L is the differential operator (with respect to the complete information filtration
F) of the associated diffusion processes. Note with respect to F, {0;, K;} are diffusion
processes given in (5) and (6). Using (11) (13), and (?7), {m;},, is a diffusion process
(with respect to F) that satisfies:
- o
dm; = {a («9 — mt) + {Q (0}2 + 0;2) + pg—e} (0, — mt)} dt
K

+ (2 + ,006) dBg¢ + QdBet
OK [P

By homogeneity, I know U (0, m, K) must be of the form in (56). Use the consumption

policy function (22) and (23), Equation (88) can be simplified to the following PDE:

L g ()i [G (0, m)] S (89)
1—1/v¢ H (m)
5 H ()= = 15 0 70k
— Gg (G,m) 1 1 2G99 (H,m)
0= G T aT " G em)
o [ (6 —m)+ [@ (0% +0.7) +pﬁ} (0= m)+ (1=2) @+ o) | Tzt
=79 “ ‘ OK G (0,m)

1 5 Gom (6,m)

1
51—v0m G (0,m) =0

Because I am working with the normalized aggregator, the certainty equivalence func-
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tional is just the expectation functional. Using Equation (52), A is given by:

E{ﬁﬂ(m;ae) (14 ) K]lv} = E{ﬁ[{(@) Kl—w}

Simplify the above, I have:

PR JALRG
| E[H (m;o

Similarly, using Equations (55) and (56), Ag and A4 are determined by:

1+AR:{E[G<9,m;ae>]}w

E[H (mio.)]
and

o ={ g6 }
respectively.
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Table 1: Information Quality and Equity Premium in Pure Exchange
Economies
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Notes: This table shows the effect of information quality on equity premium in pure
exchange economies with Kreps-Porteus utility. The first sign is the effect of learning on
equity premium through the consumption-to-wealth ratio channel, which depends on the
IES parameter. The second sign is the effect of learning on equity premium through the
hedging demand channel, which depends on the RRA parameter. In general the direction
in which learning affects equity premium depends on the relative magnitude of the two
effects. If RRA and IES are both greater than 1, the two effects reinforce each other, and
learning increases equity premium. CRRA is a special case where the consumption-to-
wealth ratio channel dominates, and consequently, learning increases equity premium if
and only if ¢ > 1(or, equivalently, v < 1).



Table 2: Asset Pricing Statistics of the Bench-mark Model

Data (%) | BY (%) | Model (%)
Ed] 18 18 1.80
Sitd [g] 2.93(0.69) | 272 | 3.15
AC (1) 0.49(0.14) | 0.48 | 0.45
AC (2) 0.15(0.22) | 0.29 0.22
E[R/] 0.86 093 | 0.87
Sid (R;) 0.97 057 | 0.59
E[Rw — Ry | 3.52 160 | 350
Sid[Rw] | 6.00 328 | 5.9

Notes: This table compares the moments of annualized consumption growth, risk-free
interest rate, and equity premium on aggregate wealth in the data, in Bansal and Yaron
(2004)’s model, and in the benchmark partially observable economy. Rows 1-4 are the
mean, the standard deviation and the first- and second-order autocorrelation of consump-
tion growth. Data on these statistics are computed from BEA data 1929-1998 and are
taken from Bansal and Yaron (2004) directly. Rows 5-6 are the mean and the standard
deviation of the risk-free interest rate. The last two rows are the mean of risk-premium
of aggregate wealth and the standard deviation of return to aggregate wealth. The first
column shows the empirical estimates of these moments from data. Empirical estimates
of moments of consumption growth and moments of risk-free interest rate are taken from
Bansal and Yaron (2004), while the empirical estimates of risk premium and volatility of
return to aggregate wealth are based on Lustig, Nieuwerburgh, and Verdelhan (2008). The
second column displays these moments generated by Bansal and Yaron (2004)’s model. All
moments are taken from Bansal and Yaron (2004), except for £ [Ry — Ry| and Std [Ry],
which are computed in Lustig, Nieuwerburgh, and Verdelhan (2008). The statistics in
the third column are computed based on 1,000 simulations of the benchmark model for
100 years. All simulations are done in the continuous-time model and aggregated to an
annual level.



Table 3: Asset Pricing Implications of Information Quality

oo | g (%) Elpge —r] (%) re (%)
Elg] | olg] | Total | Short-Run | Long-Run | E'[ry] | o [r¢]
0.00 192 |59 |253 |253 0 1.85 | 1.40
0.01 |1.89 | 589|286 |2.16 0.70 1.52 | 1.39
0.02 | 1.84 | 5.07 | 3.07 | 1.92 1.15 1.31 | 1.17
0.05|1.80 | 3.82|3.32 | 1.63 1.69 1.06 | 0.81
0.10 | 1.79 | 3.33 | 3.41 | 1.54 1.87 0.97 | 0.65
00 1.79 | 3.15 | 3.50 | 1.49 2.01 0.87 | 0.59

Notes: This table documents the effects of information quality on moments of consumption
growth, equity premium of aggregate wealth, and risk-free interest rate for various values
of .. All quantities are computed at an annual level. Columns 2 and 3 are the means and
the standard deviations of annual consumption growth. Columns 4-6 show the total risk
premium, and the decomposition of risk premium into premium for long-run risks and
premium for short-run risks. Columns 7-8 show the means and the standard deviations of
the risk-free interest rate in the simulated economies for various values of the o, parameter.
All statistics are computed based on 1,000 simulations of the benchmark model for 100
years. All simulations are done in the continuous-time model and aggregated to an annual
frequency.



Table 4: Decomposition of Welfare Gain of Information

b [ A(R) | AR (%) | Aa (%)
1.0 /269 [2.69 |0
15270 [270 |0
20281 [271 [0.10
25[292 [272 [0.19
30302 [273 [0.28

Notes: This table documents the decomposition of welfare gain of information in the
benchmark partially observable model for various values of the IES parameter. The
results are based on the calibrated parameter values used in Section II.C of the paper,
except for the values of IES, which are listed in the first column. The welfare gain for case
1 = 1 is computed using the closed form solution in Equation (58). The welfare gain for
all other cases are based on numerical solutions. For 1) = 1.5, the theoretical value of A4
is strictly positive; however, the value of A4 is too small to be numerically distinguished
form 0.



