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Abstract

! This note details the Markov Chain Approximation method I use to solve the social planner’s problem
in the production economy with stochastic differential utility in Ai (2010).



Introduction

This is the notes of the Markov Chain Approximation method that I use to solve the model
in Ai (2010). I adapt the Markov Chain Approximation method of Kushner and Dupuis to
solve the optimal control problem in Ai (2010). The easies way to understand this approach

is to consider a discretization of the continuous time problem.

I Discretization of Recursive Preference

Denote s; = (K¢, m¢) the vector of state variables. We consider the following discretization
of the dynamic programing problem considered in the paper:
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where C (s;) denote the optimal consumption given the current state s;. The above equation

can be written as:
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When A is small, E [V (s¢1a)| s¢] can be approximated by
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where
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Therefore, for small A, the term (E [V (si+a)|st]) =7 can be approximated by:
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Hence the recursion (2) can be writtens as:
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For A small, Equation (4) implies the following iteration procedure:
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where C), denotes the optimal consumption choice given the value function is V,. Divide
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both sides of the equation by V;, (t) =7, we have:
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Note, the value function is homogenous of degree 1 — v in K. Consistent with the notation

in the paper, we denote
Vi (s1) = Hy, (m) K77,

Using the optimal policy function,
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Now, equation (5) can be written as:
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II Markov Chain Approximation
Lemma 1 Consider the following two-dimensional diffusion process:
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The following is a locally consistent MC approximation of the diffusion process. At time t,
the transition probability from t to t + A, with A = h%/Q" (x) is:
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where we use the following notation:
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Proof. To be added. m
Considder the law of motion of state varibles in our model:
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They can be written as:
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Using the above lemma, we can construct the following locally consistent approximation of



the Markov Chain:
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Note the Markov Chain approximation is locally consistent for any choice of o and gq.
We choose as = 1; q1 = Ral_(l; g2 = Ro_;! and a1 = qlal_(l. This choice of the o and ¢
minimizes evaluation of the function H and saves computational power. In this case, the

above Markov Chain becomes:
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IIT The Term LV, (s;) A

The term LV}, (s¢) A can be approximated by:
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Using the Markov Chain approximation of [K;, m;], we have:
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The term V;, (s;) ™" LV, (s¢) A in Equation (6) can then be written as:
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IV The "Bellman" Operator

We have the following operator that maps H,, (m) to Hy,y1 (m):
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Take log on both sides, and denote h (m) = In H (m), we have:
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where
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Numerically, I choose a large enough interval so that the probability of m appear outside of

the interval is small under the steady-state distribution. I iterate the above operator until

convergence.
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