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Abstract

Standard production-based asset pricing models cannot simultaneously explain the
value premium and the gross profitability premium. Empirically, we show that value
and profitability sorted portfolios differ in the persistence of productivity. We develop
a general equilibrium model where firm-level productivity has a two-factor structure
with different persistence. We demonstrate that with capital adjustment costs and
variable capital utilization, our model can simultaneously account for both the gross

profitability premium and the value premium.
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1 Introduction

Historically, firms with higher profitability ratios, defined as the ratio of gross profit to total
assets, earn higher average returns than those with lower profitability ratios. This is often
referred to as the gross profitability premium (Novy-Marx (2013)). At the same time, stocks
with higher ratios of the book value of assets relative to their market value, or value firms,
earn a higher average return than those with higher market-to-book ratios (growth firms).

The difference in the average return of value and growth firms is called the value premium.

The coexistence of the value and profitability premiums presents a challenge to the
literature on Q-theory and production-based asset pricing models, for example, Zhang (2005).
In these models, productivity is typically specified as an AR(1) process and is the only source
of exogenous variation that determines the cross-sectional heterogeneity in firms’ market-to-
book and profitability ratios. High productivity firms are high profitability ratio firms but are
simultaneously also growth firms: they have a higher market value of assets relative to their
book value and, therefore, higher market-to-book ratios. As a result, traditional production-
based asset pricing models cannot separate the value factor and the profitability factor. By
construction, a profitability premium must imply a value discount. That is, these models
can generate either a value premium or a profitability premium, but not both. In this paper,
we develop a general equilibrium model where Q-theory holds and firm-level productivity
has a two-factor structure that differs in persistence. We show that our model can not only
distinguish the profitability factor from the value factor but also account for the coexistence

of the value and profitability premiums.

To distinguish profitability from value empirically, we first provide empirical evidence for
the two-factor structure in firm productivity. We show that consistent with the standard
production-based asset pricing literature, both high profitability firms and growth firms have
higher investment rates, higher cash flow growth rates, and faster sales growth rates at
the time of portfolio formation compared to low profitability and value firms, respectively.
However, several differences between the profitability and value sorted portfolios suggest
that market-to-book sorting differentiates firms in terms of the permanent component of
productivity shocks, while portfolios sorted on profitability differ in terms of the transitory

component of their productivity.

First, the differences in investment rate, cash flow growth rate, and sales growth rate are
significantly higher for market-to-book sorted portfolios than profitability sorted portfolios.
For example, the median investment rate is about 7% for firms in the value portfolio, and
is more than twice as large, about 15% for the growth portfolio. In contrast, the median

investment rates of low and high profitability sorted portfolios are 8% and 12%, respectively.



Second, the differences in investment rates, cash flow growth rates, and sales growth
rates are much more persistent for market-to-book sorted portfolios than profitability sorted
portfolios. Empirically, we show that the spreads in cash flow and sales growth rates for
market-to-book sorted portfolios remain significant five years after portfolio formation, while
the difference in the above measures vanishes one year after portfolio formation for gross

profitability sorted portfolios.

In addition, we formally estimate a two-factor model of firm productivity and decompose it
into a permanent and a transitory component. We demonstrate that market-to-book sorted
portfolios differ more significantly in terms of the permanent component of productivity,
while gross profitability sorted portfolios have a higher spread in the transitory component

of productivity and a much smaller spread in the permanent component.

Motivated by the above empirical evidence, we develop a general equilibrium model where
firm productivity has a permanent and a transitory component. The transitory component
has a large standard deviation in one-period innovations but a very small persistence. In
contrast, the permanent component has a small conditional standard deviation but follows
a random walk. This specification allows our model to distinguish the profitability factor
from the value factor. A positive shock to the transitory component of productivity raises
the current-period profitability of the firm but, because of its lack of persistence, has a
quantitatively small impact on the market-to-book ratio. A positive shock to the permanent
component of productivity, on the other hand, has a small impact on the current-period
profitability. The impact is small because the size of the permanent shock is typically small,
but it significantly affects the market value of the firm, as the shock is expected to last
into the future. As a result, from a quantitative perspective, consistent with the data,
the market-to-book sorting mainly differentiates firms along the permanent component of
productivity shocks, while gross profitability sorting selects firms based primarily on the

transitory component of their productivity.

We incorporate two sources of aggregate shocks into our model: total factor productivity
shocks and shocks to the marginal cost of capital utilization. Our model generates a value
premium as in Zhang (2005). In our model, firms that experience low permanent components
of the productivity shocks are value firms. The fixed operating cost and capital adjustment
cost provide a form of operating leverage, making these firms riskier relative to growth firms,

where the adjustment cost is a smaller fraction of firm cash flow.

The key for our model to account for the profitability premium is variable capital
utilization: firms can choose a higher rate of capital utilization at the expense of faster
depreciation. In the presence of capital utilization costs, high profitability firms and growth

firms respond very differently. High profitability firms, knowing that shocks are transitory,



respond by increasing the rate of capital utilization and not investment. In contrast, growth
firms are those who experience positive shocks in the permanent component of productivity.
Anticipating that the impact of these shocks will persist into the future, they respond by
increasing investment and lowering capital utilization. In our model, the cost of capital
utilization is a form of operating leverage and makes high profitability firms and value firms

riskier.

In summary, value and profitability sorting are determined by the permanent and
transitory components of idiosyncratic productivity shocks in our model. At the aggregate
level, due to firms’ optimal choices of investment and capital utilization, value firms are
endogenously more exposed to aggregate productivity shocks, while high profitability firms

are more sensitive to shocks to the marginal cost of capital utilization.

Our model is set in a general equilibrium framework, while standard production-based
asset pricing models of the cross-section of expected returns typically assume an exogenous
pricing kernel. In a general equilibrium setup, the cross-sectional distribution of firm types
becomes a relevant state variable that determines the properties of the pricing kernel. Because
endogenous investment decisions depend not only on productivity shocks but also on the
property of the pricing kernel, partial equilibrium models cannot account for this equilibrium

feedback mechanism.

The above setting allows us to identify a general equilibrium feedback mechanism where
the composition of firms affects the volatility of the stochastic discount factor and predicts
returns in equilibrium. In the cross-section, value firms and high profitability firms have
higher expected returns than growth firms and low profitability firms, respectively. In our
model, this mechanism also affects the expected returns in aggregate time series. We provide
empirical evidence which is consistent this prediction of our model. We show that the relative
market value of value versus growth firms and the relative market value of high versus low

profitability firms can positively predict future returns.

We calibrate our model to match aggregate moments and examine its ability to explain
the cross-section. Our model closely matches standard macroeconomic quantity dynamics.
It also delivers realistic financial moments, including a high equity premium and a low and
smooth risk-free interest rate. We report four quantitative successes of our model. First, the
model generates a realistic heterogeneity in firm investment policies for value/growth and
high /low profitability sorted portfolios. In our model, the heterogeneity in the permanent
component of firm productivity leads to a significant spread in market-to-book ratios. As a
result, as in the data, market-to-book sorted portfolios exhibit a large dispersion in investment
rates, which depends primarily on the permanent component of productivity. In contrast,

profitability sorted portfolios differ mostly in the transitory component of productivity and



do not have a significant difference in investment rates.

Second, variable capital utilization provides a resolution for the profitability premium.
Utilizing capital more intensively raises a firm’s current profit, leading to faster capital
depreciation. Under the optimal policy, firms with higher transitory productivity shocks
tend to choose higher utilization rates than firms that experience adverse transitory shocks.
Faster capital depreciation due to higher utilization increases the exposure of profitable firms
to the aggregate utilization cost shock. As a result, high profitability firms are riskier and
require a higher expected return in equilibrium. We show that this utilization channel gives

rise to a significant profitability premium in our calibration.

Third, our model retains the success of standard Q-theory-based models in terms of
generating a realistic value premium. In our model, the adjustment cost constitutes a
form of operating leverage: value firms are typically firms with low permanent productivity.
They disinvest and are heavily affected by adjustment costs. Firms with a high permanent
component of productivity have a higher market-to-book ratio. Their investment becomes a

hedge against aggregate productivity shocks and makes their equity claims less risky.

Fourth, we show that consistent with empirical evidence, double sorting on both the
market-to-book ratio and the profitability ratio makes both the value premium and the
profitability premium more pronounced. In our model, the true state variables that predict
firm-level returns are the permanent and transitory components of productivity. Both
market-to-book ratios and profitability ratios are noisy measures of these fundamental state
variables. Double sorted portfolios provide a more accurate separation of firm types and

exhibit a stronger pattern in expected returns.

Literature review

This paper builds on the large literature on Q-theory-based asset pricing models and the
cross-section of equity returns. Zhang (2005) develops a Q-theory-based asset pricing model
to explain the value premium. Belo, Lin, and Bazdresch (2014) and imrohoroglu and Thizel
(2014) use a similar approach to study the impact of other firm characteristics, such as labor
hiring and firm-level productivity, on the cross-section of equity returns. Donangelo, Gourio,
Kehrig, and Palacios (2019) examine the relation between firm-level labor share and the
cross-section of equity returns. Herskovic, Kind, and Kung (2018) study the low-frequency
comovement between value and size premiums using a standard Q-theory-based asset pricing
model. Kuehn, Simutin, and Wang (2017) explore the connection between firms’ exposures
to labor market conditions and stock returns. Kuehn and Schmid (2014) extend the Q-theory
asset pricing model to study the pricing of corporate bonds. Eisfeldt and Papanikolaou (2013)



incorporate organizational capital into the Q-theory asset pricing paradigm and investigate
its impact on firms’ stock returns. As pointed out by Novy-Marx (2013), in the above Q-
theory-based models, the capital adjustment costs serve as operating leverage and generate a
value premium. However, because high productivity firms are simultaneously high market-to-
book and high profitability ratio firms, these models would also imply a negative profitability
premium. In addition, all of the above models are partial equilibrium models that take the
pricing kernel as given, while our model is a general equilibrium one, where the pricing kernel

and firms’ risk exposure are both endogenously determined in equilibrium.!

Several recent papers also study the coexistence of value and profitability premiums. Dou
et al. (2021) develop a model with dynamic strategic competition to explain the profitability
premium. Both Dou et al. (2020) and Kogan et al. (2020) develop equilibrium models where
the value premium and the gross profitability premium coexist. Dou et al. (2020) focus on
how competitiveness affects the heterogeneity of returns across industries but do not explain
the within-industry value and profitability premium. Kogan et al. (2020) emphasize the
importance of variable input as an operating hedge. The economic mechanism in our model
is quite different from both of the above papers. In addition, our general equilibrium setup
allows us to study the feedback mechanism between the cross-section distribution of firms

and the properties of the stochastic discount factor.

Our paper also builds on the previous literature that develops tractable models to study
the cross-section of expected returns in general equilibrium. Gomes et al. (2003) develop an
analytical tractable framework where the cross-section of firm characteristics has a stationary
distribution to study the cross-section of expected returns. Ai and Kiku (2013) develop a
model with balanced growth and long-run risk and use the technique from the firm dynamics
literature (Luttmer (2007)) to solve the aggregate problem. Several works in the production
based asset pricing literature use the Krusell and Smith (1998) method to numerically solve
their models.? Our aggregation method is different from all of the above. We take advantage
of the homogeneity in firms’ decision problems and summarize the cross-sectional distribution
as a low-dimensional distribution.® We exploit the analytical expression for the law of motion
of this distribution to solve the model using the local projection method. Our methodology

could potentially be applied to a larger class of models.

Our paper is also related to the literature that emphasizes the importance of variable

LA different strand of production-based asset pricing models explore the implications of investment-specific
shocks (IST), for example Papanikolaou (2011), Kogan and Papanikolaou (2013), Kogan and Papanikolaou
(2014), and Li (2018). Kogan and Papanikolaou (2012) provide an excellent survey of this literature.

2Recent works that approximate firm distribution using distributional moments include Favilukis and Lin
(2015), Chen (2018), Bai et al. (2019), and Favilukis et al. (2020).

30ther papers that use the same technique to reduce the dimensionality of the firm distribution in general
equilibrium setups include Ai and Bhandari (2021), and Tong and Ying (2020).



capital utilization in understanding business cycle dynamics and asset market valuations.
Greenwood et al. (1988) and Jaimovich and Rebelo (2009) show that variable utilization is
an important ingredient accounting for the positive correlation between consumption and
investment. Garlappi and Song (2017) show that variable utilization plays an important
role in understanding the pricing of investment-specific shocks. Grigoris and Segal (2020)
find that low capital utilization is associated with high equity returns, and such a pattern is

consistent with a standard Q-theory model with variable capital utilization.

The rest of the paper is organized as follows. We first present the empirical evidence of
a two-factor structure of firm level productivity in Section 2. Section 3 develops a general
equilibrium model that embeds a two-factor structure into firm productivity shocks. We
study the asset pricing implications of the model in Section 4 and present our quantitative

results in Section 5. Section 6 concludes.

2 Empirical evidence

In this section, we replicate the profitability premium and its relationship with the value
premium documented by Novy-Marx (2013) and highlight the challenge that they pose for
standard production-based asset pricing models. We also present empirical evidence for a
two-factor structure of firm-level productivity, which motivates our theoretical development.

Detailed data construction can be found in Appendix D.1.

2.1 Value and profitability premiums

Following Novy-Marx (2013), we define gross profitability as revenue minus cost of goods
sold divided by total assets. We construct the market-to-book ratio following Fama and
French (2015) and use standard procedures to sort firms into five portfolios ranked by
their profitability and market-to-book ratios, respectively. Following the convention in this
literature, we call the portfolio with the lowest market-to-book ratio the value portfolio and

the one with the highest market-to-book ratio the growth portfolio.

In Table 1, we report the median of firm characteristics, including market-to-book ratio,
the gross profitability, and total factor productivity for market-to-book sorted portfolios
(panel A) and those for profitability sorted portfolios (panel B). To compute firm-level
productivity, we assume a Cobb-Douglas production function and use the semi-parametric
method of Olley and Pakes (1996) and De Loecker et al. (2020). Table 1 reports the median
of the log TFP for all firms in the same portfolio. Details of the estimation procedure and

construction of variables can be found in Appendix A and D.1.



We make several observations. First, market-to-book ratio and gross profitability are
highly positively correlated. The portfolios in panel A are sorted on market-to-book ratios,
which increase monotonically from value to growth by construction. At the same time,
the gross profitability is also monotonically increasing from value to growth. Similarly, the
profitability sorted portfolios confirm the same pattern. As shown in panel B of Table 1,
the profitability ratio increases from low to high by construction, while the market-to-book

ratios increase monotonically with the profitability ratio.
Table 1: Firm characteristics

This table compares the median firm characteristics of portfolios sorted by market-to-book (MB) and gross
profitability (GP/A). Panel A and B report the firm characteristics of portfolios sorted by MB and GP/A,
respectively. InTF P is the log of firm-level productivity. We also report the annualized excess returns of

value-weighted portfolios E[R¢]. The sample period ranges from 1963 to 2020, at an annual frequency.

Panel A: Market-to-book sorted portfolios

Value 2 3 4 Growth Growth-Value
MB 0.588 1.083 1.655 2.683 6.200 5.612
GP/A 0.181 0.219 0.278 0.328 0.336 0.155
InTFP -3.990 -3.713 -3.524 -3.319 -3.092 0.898
E[R®)(%) 10.115 7.707 7.485 7.019 6.856 -3.259

Panel B: Gross profitability sorted portfolios

Low 2 3 4 High High-Low
MB 1.461 1.205 1.478 1.785  2.251 0.790
GP/A 0.001 0.136 0.265 0.411  0.670 0.669
InTFP -3999 -3.938 -3.721 -3.410 -3.210 0.789
E[R)(%) 4.700 6.333 5443 7.275  8.018 3.319

Second, despite the robust positive correlation between the market-to-book ratio and
gross profitability, portfolios formed on these two characteristics show opposite patterns in
returns. In panel A of Table 1, the portfolio returns are monotonically decreasing from the
value to the growth portfolio. This is the well-documented value premium. In contrast, as
documented by Novy-Marx (2013), sorting on the gross profitability produces a monotonic
increasing pattern of average returns from low to high gross profitability, as shown in panel

B.

Third, firm-level productivity is monotonically increasing in market-to-book ratio and
gross profitability. We report the median of firm-level productivity for market-to-book
and gross profitability sorted portfolios in the third row of panel A and B, respectively.
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This comparison highlights the challenge for production-based asset pricing models. The
increasing pattern of estimated TFP with respect to the market-to-book ratio is certainly
consistent with the large literature that builds Q-theory-based asset pricing models where
firm-level heterogeneity is driven by Markov productivity shocks, for example, Zhang (2005),
Belo et al. (2014), Imrohoroglu and Tiizel (2014), Favilukis and Lin (2015), Li (2018), and
Gomes and Schmid (2021). However, because the firm-level productivity shock is typically the
only source of exogenous variation for firm characteristics, these models would unambiguously

imply a negative profitability premium.

The solution we propose for the above puzzle is that firm-level productivity has a two-
factor structure: a permanent component and a transitory component. Market-to-book ratio
sorting primarily selects firms based on the permanent component of productivity shocks,
while the profitability factor loads mainly on the transitory component. In the rest of the
paper, we first provide empirical evidence for the two-factor structure of productivity, then
develop a model in which the two-factor structure translates into differences in expected

returns for market-to-book and profitability sorted portfolios in a general equilibrium setup.

2.2 The two-factor structure of productivity shocks

Cash flow and sales growth rates To motivate a two-factor structure of firm-level
productivity shocks, we first present illustrative evidence for the persistence of the cash
flow growth rates for market-to-book and profitability sorted portfolios. In order to assess
the persistence of the productivity shocks, we keep track of firms and compute their cash flow
and sales growth rates up to five years after portfolio formation for the five market-to-book
ratio sorted portfolios and those for the five gross profitability sorted portfolios. In Figure 1,
we plot the median sales growth rates (top panels) and the median cash flow growth rates
(bottom panels) for the growth and value portfolios (left panels), and do the same for the
high and low gross profitability portfolios (right panels) both at and after portfolio formation.

We see in the left panels of Figure 1 that firms in the growth portfolio have significantly
higher sales and cash flow growth rates at the portfolio formation year (time t), and the
difference persists into the future. The difference in the sales and cash flow growth rates for

growth and value portfolios remains significant after five years of portfolio formation.

High gross profitability firms also have higher sales and cash flow growth rates at the
portfolio formation year, as shown in the right panels of Figure 1. However, in sharp contrast
with the market-to-book ratio sorted portfolios, the difference in the cash flow and sales
growth rates for high and low profitability sorted portfolios completely disappears after one

year.



Figure 1: Firm characteristics around portfolio formation

This figure reports the median of firm characteristics after portfolio formation year ¢. The left and right
panels report the firm characteristics around the portfolio formation year of BM and GP/A sorted portfolios,
respectively. The definition of market-to-book and profitability follows Fama and French (2015) and Novy-
Marx (2013), respectively. The sample starts in 1963 and ends in 2020, at an annual frequency.

ASales of BM Sorted Firms ASales of GP/A Sorted Firms
0.20 1 -~ Growth 0.20 - -¢- Lo
—6— Value —— Hi

G-----6.

0.10 & RS 0.10 -
R OoL R e W o e o

000{ g—o——° < © 0.00]
-0.10+— T T T T T -0.10 T T T T T

t t+1 t+ 2 t+3 t+4 t+5 t t+1 t+2 t+3 t+4 t+5

ACF of BM Sorted Firms ACF of GP/A Sorted Firms
0.20 0.20
0.10{ ®=--g___ 0.101
‘9 ----- @.____.e _____ O ‘—”_ _—

0.00 @/9/9’“ o—6 0.00
-0.101 -0.10 1

b t+1 t42 t4+3 44 t45 Pot4l t42 (43 t44 {45

The above evidence is consistent with the hypothesis that the productivity difference
that separates value and growth portfolios is very persistent. In contrast, the productivity

difference for high and low profitability sorted portfolios is rather transitory.

Investment Next, we show that consistent with our two-factor structure hypothesis, both
the growth and high gross profitability portfolios exhibit higher investment rates than the
value and low gross profitability portfolios, respectively. However, the difference in the
investment rate is significantly higher for the market-to-book ratio sorted portfolios than

for the gross profitability sorted portfolios.

In Figure 2, we plot the investment rate (the ratio of investment to total capital stock)
for the five market-to-book sorted portfolios (circles) and the same for the five profitability
sorted portfolios (diamonds).? Clearly, the investment rate is monotonically increasing from

the low profitability portfolio to the high profitability portfolio. The market-to-book ratio

4We do not plot a confidence interval for the point estimates, because the large number of firms in each
portfolio means the standard error for the point estimates is close to zero.



sorted portfolios exhibit the same pattern, the investment rate increases from the value to
the growth portfolio.
Figure 2: Investment rates

This figure presents the median investment rates across market-to-book (MB) and gross profitability (GP/A)
sorted portfolios. The horizontal axis denotes the MB and GP/A sorted portfolios. The sample starts in

1963 and ends in 2020, at an annual frequency.
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Portfolios

However, the spread in the investment rate is significantly higher for the market-to-book
sorted portfolios than for the profitability sorted portfolios. Firms in the growth portfolio
have investment rates that are 9% higher than value firms. By comparison, the investment
rate for the high profitability portfolio is 3% lower than that of the growth portfolio. The
ranking of investment rates between the two portfolios switches as we go to the value and
low profitability portfolio on the left. As gross profitability decreases, the investment rate
does too, but the increase in investment rate is much faster for the market-to-book sorted
portfolios. Firms in the value portfolio invest at a much lower rate than firms in the low
profitability portfolio. The above evidence is consistent with a recent paper, Byun et al.
(2019), who document that firm investment responds strongly to permanent shocks but

weakly to temporary shocks.
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The above evidence also supports the hypothesis that the market-to-book sorted portfolios
differ in the persistent component of firm-specific productivity, while profitability sorted
portfolios differ in the transitory component. Because investment decisions are forward
looking, book-to-market sorting produces heterogeneity in the persistent component of
productivity shocks and leads to large differences in investment rates. In contrast, gross
profitability sorting mainly identifies the transitory component of productivity, which has
a much smaller impact on investment rates by comparison because the initial productivity
shock is expected to diminish quickly over time. We confirm the above intuition in the

structural model we develop in Section 3.

Productivity decomposition This section provides a formal statistical decomposition of
the productivity shocks at the firm level to validate our hypothesis of the two-factor structure
of productivity shocks. We demonstrate that the market-to-book sorted portfolios have a
substantially higher spread in terms of the permanent component of productivity shocks. In

contrast, profitability sorted portfolios differ more significantly in the transitory component.

We assume that firm-level productivity has a permanent component, denoted by X;;,
and a transitory component, denoted by Z;;. The log of firm-level total factor productivity
can be written as InTFP;; = In X, + In Z;,, with

1I1Xj7t = ,U,j + In Xj,tfl + O-X,jgj,ty (1)
InZ;; =pziInZ;,_1 +oz;n54 (2)

where €;, and n;, are ii.d. and follow the standard normal distribution. That is, the
permanent component is modeled as a random walk, and the transitory component is modeled
as an AR(1) process. We follow the procedure of Harvey (1985) to construct the permanent
and transitory components for productivity shocks for each firm. In Appendix A, we provide
a detailed procedure of constructing and decomposing firm-level productivity and a statistical

test for the nonstationarity of the productivity process.

We report our decomposition results for market-to-book sorted portfolios (panel A) and
those for profitability sorted portfolios (panel B) in Table 2. We make three observations.
First, all three measures of productivity, InTF P, its permanent component, In X, and the
transitory component, InZ, are increasing from value to growth and from low to high
profitability portfolios. This pattern is consistent with the intuition that growth firms
have a higher productivity than value firms and high gross profitability firms have higher
productivity than low profitability ones. Second, the market-to-book sorted portfolios exhibit
a substantial difference in the permanent component of productivity. The spread in In X from

value to growth is 0.77, while the same is significantly smaller, 0.62 ,for gross profitability
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Table 2: Permanent and transitory component

This table shows the permanent and transitory components of firm-level productivity. We decompose the
firm-level productivity into a permanent and a transitory component, using the unobserved components
method. In the tables In X denotes the trend component, and In Z represents the transitory component of
the productivity. The sample starts in 1963 and ends in 2020, at an annual frequency.

Panel A: Market-to-book sorted portfolios

Value 2 3 4 Growth Growth-Value
MB 0.588 1.083 1.655 2.683 6.200 5.612
InTFP -3.990 -3.713 -3.524 -3.319 -3.092 0.898
In X -3.828 -3.618 -3.458 -3.273 -3.054 0.774
InZz -0.024 -0.008 0.000 0.003 0.009 0.033

Panel B: Gross profitability sorted portfolios

Low 2 3 4 High High-Low
GP/A 0.001 0.136 0.265 0.411  0.670 0.669
InTFP -3.999 -3.938 -3.721 -3.410 -3.210 0.789
InX  -3.807 -3.749 -3.608 -3.358 -3.183 0.624
InZ  -0.042 -0.013 -0.005 0.000  0.006 0.048

sorted portfolios. Third, compared to market-to-book sorted portfolios, the profitability
sorted portfolios have a higher spread in terms of the transitory component of productivity
InZ. The above evidence is consistent with the hypothesis that market-to-book sorting
mainly differentiates firms in terms of the permanent component of their productivity. The

profitability factor loads primarily on the transitory component of firm-level productivity.®

3 Model setup

Motivated by the empirical evidence in the last section, we build a general equilibrium
model where firm-level productivity has a two-factor structure, which includes a transitory
component and a permanent component. Our model provides a unified framework to
study the joint dynamics of macroeconomic quantities and asset prices. Our purpose is

to demonstrate that the model provides a quantitative explanation for the coexistence of the

5We also perform the decomposition of firm-level productivity using HP filter, the results also suggest that
the market-to-book sorted firms mainly differ with respect to the permanent component, and the profitability
sorted firms mainly differ with respect to the cycle component.
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value and profitability factors and the coexistence of the value and profitability premiums.

Households Time is infinite and discrete. We assume that the representative household
has a recursive preference with risk aversion v and an intertemporal elasticity of substitution
(IES) v, as in Epstein and Zin (1989) :

U= {(1 _5c s (n [Um”’}” , ®)

where U; is time-t utility and C; is time-t consumption. The household receives both labor
and capital income. Households trade equities and a risk-free bond. In every period ¢, the
household purchases B; units of the risk-free bond, which pays a risk-free interest rate Rz, in
the next period. The household can purchase w;; shares of the equity of firm j. We denote
V;+ as the cum-dividend equity price of firm j at time ¢ and D;; as the dividend payment of
firm j at time t. We use W, for the real wage at time ¢ and L, for the household’s labor

supply to firm j. The household budget constraint at time ¢ can be written as
Ci + /Wj,t (Vie — Djs)dj + By = W, / Ljidj+ Ryr1Bi1 + /wj7t—1‘/},tdj> (4)

where the integration is with respect to all firms in the economy. Hereafter, our convention

is to use boldface for aggregate quantities and regular font for firm-level quantities.

In the recursive equilibrium we construct, C; and U, are functions of a vector of state
variables, which we denote as S;. We postpone the specification of S; and its law of
motion until we introduce the definition of equilibrium later in the section. Under recursive
preference, the stochastic discount factor that prices one unit of consumption goods paid
at period t + 1 (at state S;;1) into period ¢ (at state S;)—consumption numeraire can be

constructed from the household’s intertemporal marginal rate of substitution:

1/¢y—v

To save notation, we will denote M;,1(S;11|S;) as M,y below.

Production function At time ¢, firm j produces output Y;; from capital K;; and labor

L;, using a Cobb-Douglas production function of the following form:

Yie= A [(Xe - Zi)' " (w0 K07 ] " L (6)

]7t ’
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where 1 — « is labor share and v is the span of control parameter, as in Atkeson and Kehoe
(2005). To allow for variable capital utilization, we denote wu;, as the utilization rate of
physical capital. In the above equation, A, is the aggregate productivity, and X;; - Z;, is
firm-specific productivity. To model a two-factor structure of productivity shock, we let X,
be the permanent component and Z;; be the transitory component. The law of motions of
X, and Z;, follow equation (1) and (2) respectively. For parsimony, in the model, we assume
that the parameters for these stochastic processes p;, ox ;, pz,;, and oz, are common across
all firms and denote them as u, ox, pz, and oz, respectively. In addition, we assume that

the aggregate productivity follows:
InA —InAy = pa+ G,

where ; = pcCi1 + £¢ is an AR(1) process and &} is a normally distributed shock, i.i.d. over

time.

Variable capital utilization As argued by Novy-Marx (2013), in the data, value and
profitability factors have weak and negative correlations and are likely proxies for different
sources of aggregate risk. To account for this fact, we introduce a second aggregate shock,
shocks to capital depreciation. Let I;; denote firm j’s investment at time ¢. The law of

motion of firm j’s capital accumulation follows
Kjpr = (1= 0(wj, 0r41)) Ko + Ly, (7)

where §(u;y, 0:41) is the capital depreciation rate that depends on the last-period utilization
rate uj, as well as an aggregate shock, 6,1, which is modeled as a Markov process.® We
assume a constant elasticity capital depreciation function as in the variable capital utilization
literature, such as Greenwood et al. (1988), Jaimovich and Rebelo (2009), Garlappi and Song
(2017), and Grigoris and Segal (2020):

1+/\_1

u
8 (wjp, Op11) = Ok + et—‘rljitTu (8)

where A > 0 is the curvature parameter for the depreciation rate function, d; is the level
parameter that determines the depreciation rate at the deterministic steady state, and ;.
is an aggregate shock that affects the depreciate rate of all firms. In the above equation,

the d(u,#) function is increasing and convex with respect to u: a more intensive usage

6Other papers that emphasize the importance of capital depreciation shocks include Gertler and Kiyotaki
(2010), Gertler and Karadi (2011), Kozlowski et al. (2018), and in continuous-time setups, He and
Krishnamurthy (2013) and Brunnermeier and Sannikov (2014).
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of capital this period accelerates its depreciation and lowers capital accumulation in the
following period. Firms choose capital utilization rates to trade off current-period production

versus depreciation in the next period.

It is clear from equation (8) that firms with high utilization rates are more sensitive to
depreciation rate shocks. As we will show later in this section, while the value factor loads
heavily on the aggregate productivity shock, the profitability factor mainly reflects firms’
exposure with respect to depreciation shocks. The coexistence of productivity shocks A; and
depreciation shocks 6; allows our model to distinguish the value factor from the profitability

factor and jointly explain the value and profitability premiums.

Firms’ problem We focus on the recursive equilibrium where profit maximization can be
written as a dynamic programming problem. An individual firm is identified by a vector of
firm-specific state variables, (K, X, Z). Let KxXxZ be the state space of firm characteristics,
and let I' be a density on K x X x Z that describes the cross-sectional distribution of firms.
Let S = (A,0,T) be the vector of aggregate state variables, including the current-period
productivity, depreciation shocks, and the distribution of firm-level state variables. In the
recursive equilibrium, S; summarizes aggregate states and determines equilibrium prices
through market clearing conditions. At time t, taking the law of motion of aggregate state
variables as given, firm j chooses the dividend payout, D,,, investment, I;;, and capital

utilization rate, u;;, to maximize its cum-dividend value:

V(Kj,ta Zj,tan,t; St) = I Iil_aXD. Dj,t +FE [Mt+1V(Kj,t+1an,t+17 Zj,t+1§ St+1)|Xj,t7 Zj,tast] )
- (9)

subject to the following budget constraint;
Dy 4 Lig + H(Ljg, Kj) < (K, Zje, X Selluge), (10)

and capital accumulation equation (7). Investment entails a standard convex adjustment

cost that takes a quadratic form, H (I, K;;) = %(flg—tt —0)*Kj,
75

In equation (9), Firm j’s profit at time ¢, II( K4, Z;¢, Xj4; Sellujy), is given by
I (Kj,tv Zj,ta Xj,t; StHuj,t) - I%ax A%—oa/ [(Xj7th7t)1_V(UjjtKjJ)V}a L;;a — WtLj7t.7 (11)
7,t

It is convenient to simplify equation (11) by maximizing out labor and using the labor market

"We use the notation (+||uj,t) to emphasize that profit at time ¢ depends not only on time-t state variables,
but also on the choice variable u; ;.
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clearing condition [ L;;dj =1 to obtain the expression for optimal labor input at firm j:

1o (XgaZy) (g Ke)”
7t f(Xi,tZi,t)17”(Ui,tKi,t)”di.

(12)

Taking advantage of the constant income share property of the Cobb-Douglas production

function, we can write firm j’s output as

a—1
Y (Kjs Zjas Xjas Sellwja) = Av [A7 (X Z0) '™ (un K50)"] [/ AT (XieZie)' ™" (w3 Kg)" di
(13)
and the operating profit function as
(Kt Zjas Xjas Silluge) = &Y (Ko, Zja, X Sill ) (14)
Let u(K, Z, X; S) be the policy function for capital utilization and define ¥(.S) as
U(S)=A" U(XZ)l—”(u (K,Z,X;S)K)"dl' (K, Z,X)]| . (15)
We can conveniently write the profit function as
(K, Z,X;S||u) = a(AXZ)" " (uK) ¥ (S)* (16)

Using this notation, it is straightforward to integrate across all firms and compute aggregate

output as

Yt - /}thdj - At\I](St)a. (17)

Intuitively, the aggregate production function is Cobb-Douglas, and W(S;) is the productivity-
adjusted capital stock of the economy.® In Appendix C, we develop an expression for ¥(.S;)

that depends on the cross-sectional joint distribution of productivity and capital.

Entry, exit, and the dynamics of firm distribution At the end of each period t,
after dividend payout and investment, incumbent firms receive a random death shock with
probability xp and exit the economy. Upon receiving the death shock, the firm exits the

economy, and its capital stock evaporates.

At the same time, a measure kp fraction of new firms come into existence with initial

8Intuitively, our model has capital misallocation (Hsieh and Klenow (2009)) due to the presence of
adjustment cost. W(S;) accounts for capital misallocation. In the absense of capital misallocation, ¥(S;) is
proportional to the aggregate capital stock of the economy.
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productivity (Z X ) The assumption on the entrance measure kp is a normalization that
ensures that the total measure of firms in the economy is 1 at all times. Newborn firms start
to produce one period after they enter the economy. As a result, let j be a new entrant firm
at time ¢, the representative agent optimally choose the amount of initial capital K .t to solve

the following optimization problem:

V(S) =max —K;; — H(K;;) + (1 — kp)E [My1V(Kjp, Zjpin, Xjir; Se)| X, Z, 5] . (18)
7.t

Let K(S;) be the policy function of the above optimization problem. Here, setting up a new

firm requires a convex entry cost H(K;,;). With a probability of (1—rp), new entrants survive

to the next period. Conditioning on survival, new entrants carry K;; = K(S;) amount of

capital to the next period and become an incumbent firm to produce output.

The entry and exit dynamics described above allow us to derive a law of motion for the
density of the distribution of firm-level state variables, I';. At time ¢, firm type is described
by a vector of firm-specific state variables (K, X;, 7). Let I (K, Z,X;S) and u (K, Z, X; S)

be the policy function of incumbent firms. The law of motion of K, is given by:
Kipr = [1 =6 (u(Ky, Xy, Z45 St), 0001)) Ko + 1 (K, Zi, X3 Sy) - (19)

In addition, consistent with our empirical specifications (1) and (2), we write the law of

motion of the exogenous productivity shocks X; and Z; as

In X1 =p+InX; +oxe, (20)
InZiy1 = pzInZ; + 02041

Given the current aggregate state S; and the realization of next period shock 6., for
any Kiiq, let Ix, (K, Xt, Z4| S, 0441) be the indicator function on the state space K x X x Z
that takes a value of 1 if (Ky, Xy, Z;) is such that equation (19) holds. Let I,,,(S;) be the
indicator function that takes a value of 1 if K (S;) = K;;;. The law of motion of I" can be
written as follows. For any (K1, Xi41, Zi11) E KX X X Z

Ft_,_l(K',X', Z’)
InX —pu—InX InZ' —p.InZ
—(1— kp) /HK/(K, X, Z|S,,6,41)6 < = 0” = ) ¥ (M

lnX’—u—ln)_() ¢(an’—pzan)

Oz Oz

> TJ(K, X, Z)dKdXdZ

0z

+ KDEK’(St)Qb (
(21)
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where ¢ is the density of the standard normal distribution. The above law of motion has
an intuitive interpretation. I'yyq (K, X', Z’) is the density of firms at location (K’, X', Z') in
period ¢t + 1. They can come from either incumbent firms or new entrants. The first line in
(21) accounts for the incumbent firms: if an incumbent firm is such that equation (19) holds
with K;,1 = K’, the indicator function is 1, I';(K, X, Z) is the density of such firms in period
t, and ¢ <M> ¥0) (M) is the probability for such firms to reach (X', Z"). The

Ox

second line which accounts for new entrants can be interpreted similarly.

Recursive competitive equilibrium A recursive competitive equilibrium consists of:

e A value function for the representative household’s utility, U(S), and the associated

consumption policy function, C(.S),

e A value function for incumbent firms, V(K,Z, X;S), and the associated policy
functions, I(K, Z, X;S) and u(K, Z, X; 9),

e A value function for new firms, V(S), and the associated policy function, K(.S),
e A stochastic discount factor, M(S’|S), and

e A law of motion of the distribution of firms, I,
such that the following conditions are met:

1. given the equilibrium stochastic discount factor and the law of motion of ', the value
function V (K, Z, X; S) and the policy functions, I (K, Z, X; S) and u(K, Z, X; S), solve

the profit maximization problem for incumbent firms, (9),

2. the value function V(S) and the policy function K (S) solve the profit maximization

problem for new entrants, (18),
3. the equilibrium SDF is consistent with household consumption, (5),
4. the law of motion of I' is consistent with firms’ optimal policies, (21), and

5. goods market clears, that is, V.9,
C(9) + / (J(K, Z,X;8)+H(I(K,Z,X;S), K))P(K, Z,X)dKdZdX + K(S) + H(K(S))

— / Almow [u(K, Z,X;S)'K"(ZX)"™ QF(K, Z, X)dKdZdX,
(22)

and,
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6. labor market clears.?

4 Asset pricing implications

We provide a summary of the main asset pricing implications of our model, which serves as

a road map for the rest of the paper.

A1 The market-to-book ratio and the gross profitability are both increasing functions of X
and Z. However, quantitatively, firms’ market-to-book ratio is primarily determined
by the permanent component, X, and the transitory component Z mainly determines

the gross profitability.

A2 While firm-level cash flow responds positively to both X and Z, the impulse responses

with respect to X are much more persistent than those with respect to Z.

A3 The firm investment rate is increasing in X, and the capital utilization rate is increasing
in Z.

A4 The equity value of high-X firms is less sensitive to productivity shocks A; than the
equity value of low-X firms. The equity value of high-Z firms is more exposed to

capital depreciation shocks 6, than that of low-Z firms.

Taken together, the above asset pricing implications provide an explanation for the co-
existence of the value and profitability premiums and the empirical evidence we document in
Section 2. In the rest of this section, we use equilibrium conditions to explain the intuition for
the above results. In Section 5, we calibrate our model and assess the quantitative importance

of the proposed economic mechanisms.

Market-to-book ratio and investment In this section, we use firms’ optimality
condition with respect to investment to provide an explanation for implications Al and
A3 above. To simplify our analysis, we first note that under the assumption that the growth
rates of aggregate productivity shocks are i.i.d., the firm’s value function and policy functions
satisfy a homogeneity property. To understand the homogeneity property, note that equation
(16) implies that if we define k;; = %, then the output function can be written as
Y (K, Z,X;S|u) = A(XZ)7"(uk)"¥(S)*! and is homogeneous of degree 1 with respect to
AX.

9To simplify equilibrium conditions, we have imposed labor market clearing to derive the optimal labor
allocation equation (12).
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In Appendix C, we use this homogeneity property to further show that the recursive
equilibrium defined in the last section can be constructed using pricing and policy functions
defined on a lower dimensional space. Under this construction, the cross-sectional distribution
of firm types can be summarized by a measure defined on the space of (k, Z), which we denote
as a summary measure m. In addition, under this construction, ¥(.S) defined in equation
(15) is only a function of m, which, with a bit of an abuse of notation, we will denote as
W(m). This allows us to write the output function as Y (K, Z, X; S||u) = AXy(Z, k, m||u),
where y(Z, k,m|lu) = Z'7(uk)"¥(m)*! is the productivity-normalized value of output.
The value function and policy functions satisfy a similar homogeneity property, which we

summarize in the following proposition.

Proposition 1. (Homogeneity)

The wvalue function and policy functions for the firm maximization problem satisfy the

following homogeneity property:

V (Kj,ta Zj,ta Xj,t; St) = Ath,tU (kj,ta Zj,t; mt) )
I (Kj,m Zj,t; Xj,t; St) = Ath,ti (kj,ta Zj,t; mt) ) (23)
D (Kj7ta Zj,ta Xj,t; St) = Ath,td (kj7ta Zj,t; mt) )

for some normalized value functions and policy functions, v, i, and d defined on a lower
dimensional space. The definition and the the law of motion of the summary measure m are

given in Appendix C.
Proof. See Appendix B. O

The above proposition implies that in the cross-section, firm type can be described by two
state variables, k;, and Z,;. As will soon be clear, quantitatively, the market-to-book ratio
is primarily determined by the normalized capital k;,;, and the gross profitability depends
mainly on the state variable Z;;. Firms with high £ have accumulated a high level of capital
stock relative to the permanent component of their productivity and are high book-to-market
ratio firms. Firms with high transitory component of productivity Z have a high profitability

ratio.

The homogeneity property summarized in the above proposition is also important for
numerically solving the model, as it reduces the dimensionality of the value and policy
functions. It also allows us to summarize the cross-section distribution of firms with a lower

dimensional measure that can be computed efficiently using local approximations.
Because the adjustment cost function H (I, K) is constant returns to scale, we write

H(I,K) =h(Z£) K. To save notation, we denote hx () = ;=h (L) K =h (%) —H (£) %
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as the partial derivative of the adjustment cost function with respect to capital. In addition,
we denote My, = II7_; M, as the s-period-ahead pricing kernel at date t. We also define
Bt,Hs =(1—kp)® Hj;ll (1 — 0 (Ugpr, 9t+r+1)) as the effective depreciation rate of capital from
period t to period t + s. The following proposition is the standard Q-theory relationship

between the investment rate and the discounted value of the marginal product of capital.

Proposition 2. (Q-theory of investment)

The optimal investment-to-capital ratio satisfies

[1 + 1 <I[(t> =L, [ Z M, t+sﬁt t+sOéV;;+J E, [ Z M, t+sﬁt t+shi ([];:sﬂ ; (24)

s=1

where to save notation, we suppress the firm subscript j.

The equilibrium market-to-book ratio for firm j at time t satisfies

‘/t - Dt / It - Ht+s
= [+ ()] + (1= VB 3201 = ) My 2] 25
o = L () + 0= [ = ) b (25)
Proof. See Appendix B. m

Equation (24) is the first-order optimality condition with respect to investment. The left-
hand side is the marginal cost of investment. The right-hand side is the marginal benefit,
which equals the present value of the future marginal product of capital plus the savings
in adjustment cost due to an additional unit of investment. Note that in our model, the
production function is Cobb-Douglas with decreasing returns to scale. As a result, factor
income is a constant share of output, with labor share 1 — «, capital share ar, and profit
share a(1 — v). As a result, in equation (24), the marginal product of capital is proportional
to its average product, with a factor of ar, which is the share of capital income in total
output.

Equation (25) relates the average Q or the market-to-book value of a firm to the present
value of its future profit. In our model, V; is the cum-dividend value of the firm at time ¢.
The left-hand side of equation (25) is the ex-dividend value of the firm divided by its total
capital stock, K;,1, or equivalently, the market value of the firm divided by its book value.
It is well known that with constant returns to scale, average (Q should equal marginal Q. In
our model, the production technology is decreasing returns to scale, average Q) in equation
(25) exceeds marginal Q) in equation (24), as average Q includes profit share, but marginal Q
does not. It is clear from equation (25) that the average () equals marginal Q plus the share
of profit accrued to one unit of capital, where the share of profit in total revenue is 1 — v.

Quantitatively, however, the difference between marginal Q and average () in our model is
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not very large. As v is close to one, the profit share is fairly small in our calibration.

As we remark in asset pricing implication A1, quantitatively, the firm-level market-to-
book ratio is mainly affected by the permanent component of productivity shock X and not
the transitory component Z. A positive shock to both X and Z raises future productivity.
Because of adjustment cost, increases in investment do not completely offset the impact of
productivity shocks on the marginal product of capital. As a result, both marginal ) and
average () rise. However, the impact of X is long-lasting, while that of Z is transitory.

To illustrate the difference between X and Z on firm investment and the market-to-book

L

ratio, we plot the market-to-book ratio and the investment rate (4

) as functions of the state

variable k for three values of Z in Figure 3.

Figure 3: Investment and market-to-book ratio

This figure plots firms’ optimal policy for the investment rate and market-to-book ratio, as functions of

normalized firm-level capital k and transitory productivity Z, at the deterministic steady state. We define
the normalized firm-level capital as k = %. The solid black, dashed blue, and dotted red lines denote firms

with low, medium, and high levels of transitory productivity Z, respectively.
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In our formulation, £ = %. Hence, the level of permanent productivity shock X is

inversely related to the state variable k. It is clear from Figure 3 that the investment rate

and the market-to-book ratio are increasing in both X and Z. Note that the differences in
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the investment rate and the market-to-book ratio are much more pronounced across k than

those for different values of 7.

In our model, individual firm characteristics are summarized by two state variables, k
and Z. Because the impact of Z on the market-to-book ratio is relatively small, sorting firms
on the market-to-book ratio separates them primarily along the k dimension. Intuitively,
high-k firms have a large capital stock but a relatively low level of the permanent component
of productivity. They are on the right of the state space in Figure 3 and have a significantly
lower investment rate than firms with a high market-to-book ratio, or growth firms. This
feature of our model is, therefore, consistent with the evidence in Figure 2, where market-
to-book sorted portfolios differ significantly in terms of their investment rate. In contrast,
sorting on profitability ratio primarily separates firms along the Z dimension. Because in

our model, the transitory shocks Z are larger in magnitude than the permanent shocks X.

To illustrate asset pricing implications A2 and A3, we plot the impulse response functions
of a median firm’s normalized operating profit or cash flow, y(Z, k,m), with respect to a one-
standard-deviation shock to X (solid black line) and that with respect to a one-standard-
deviation shock to Z (dotted red line), respectively, in the top panel of Figure 4. In the
bottom panel, we plot the impulse response functions of the same firm’s investment rate
with respect to X and Z shocks. The horizontal axis is the number of years after the initial
shock, and the vertical axis is the percentage deviation from the steady state. All parameters

are chosen the same as those in the calibration we present in Table 3 of Section 5.1.1

Asset pricing implication A2 states that the impulse response of firm cash flow with
respect to the permanent shock X is long-lasting, while that with respect to Z is transitory.
This is due to the difference in the persistence in these shocks, which is highlighted in the top
panel of Figure 4. As in the data, the transitory shock Z has a larger conditional volatility
than X but a lower persistence. As a result, the firm operating profit responds strongly to
shocks to Z contemporaneously. However, due to the lack of persistence, this effect diminishes
quickly over time. The effect of the permanent productivity shock, although smaller upon
impact, is much more persistent. This pattern of our model is thus consistent with the
empirical evidence in Figure 1 on the pattern of cash flow growth rates for market-to-book

and profitability sorted portfolios.

The bottom panel of 4 illustrates the intuition for investment in asset pricing implication
A3. Clearly, both shocks raise the level of the investment rate. Despite the higher conditional
volatility in Z, however, the impulse response of the investment rate with respect to X is

much more prominent and persistent. Investment decisions are forward-looking. Because

ONote that the impulse response function depends on the firm-level state variable (Z, X). In Figure 4, we
choose both X and Z to be their medians.
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Figure 4: Impulse response functions for transitory and permanent shocks

This figure compares the impulse response of the firm’s investment rate and operating profit to positive shocks

to transitory productivity Z and permanent productivity X while shutting down aggregate uncertainty. The
size of both shocks is assumed to be one standard deviation above their steady-state values, respectively.
Both shocks impact the firm at time ¢ + 1. The x-axis denotes simulation time, and the y-axis denotes the

log deviation from the steady state.
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X shocks are permanent, they are expected to affect the marginal product of capital for a
long period. As a result, investment has a strong contemporaneous response. In addition,

due to the presence of adjustment costs, the impact of the permanent productivity shock
on investment persists into the future. In contrast, despite the large shock to the transitory
component 7, investment has only a moderate contemporaneous response, and the effect

quickly diminishes after one year.

Capital utilization and profitability In this section, we discuss the optimality condition
with respect to capital utilization and the intuition for related asset pricing implications. A
K. 72,X;S) _

=Sn)

firm’s profitability ratio, that is, gross profit divided by capital, is given by I
= Z17"u’ k=10 (m)*~1. Clearly, the profitability ratio in our model is an increasing

(Z’k’m)
fo Y=Ll -
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function of Z. It is also increasing in X, because k = % is inversely related to X.

Quantitatively, however, because the conditional volatility of Z in our model is much larger
than the conditional volatility of X, heterogeneity in gross profitability in the cross-section

is primarily driven by differences in the transitory component of productivity Z.

Figure 5: Utilization and profitability

This picture plots firms’ optimal policy for capital utilization and the gross profitability, as functions of
normalized firm size k and transitory productivity Z, at the deterministic steady state. We define the
normalized firm-level capital as k = %. The dashed, dotted, and solid lines denote firms with low, medium,
and high transitory productivity Z.
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To illustrate the dependence of the profitability ratio on state variables, in Figure 5, we
plot the gross profitability ratio (top panel) and the policy function of capital utilization rate
(bottom panel) as functions of normalized capital stock, k, for three levels of productivity
Z. As shown in the top panel of the figure, the difference in the gross profitability ratio is
quite substantial across different levels of Z, but almost flat across different levels of k. These
patterns imply that qualitatively, profitability is an increasing function of both X and Z in
our model. However, quantitatively, profitability is primarily driven by state variable Z and
not k. This is in sharp contrast with the pattern of the market-to-book ratio in Figure 3,

where the heterogeneity mainly comes from k.
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The top panels of Figures 3 and 5 together confirm asset pricing implication A1l. That is,
sorting on the market-to-book ratio identifies the heterogeneity in the permanent component
of productivity X, and sorting on the gross profitability identifies the transitory component

of productivity Z.

Asset pricing implication 3 states that while investment responds strongly to the
permanent component of productivity shock X and weakly to the transitory component
7, capital utilization increases sharply with Z but responds weakly and even negatively to
X. To understand this point, we first state a proposition about the optimality condition for

capital utilization.
Proposition 3. The optimal utilization policy is given by

VHt
(1 - KD)E[Mt+1‘9t+lq~t+l]’

1+A _
Uy =

(26)
where Gyy1 s defined recursively in equation (B8) in Appendiz B.

In our model, a higher utilization rate increases current-period output at the expense of
faster capital depreciation. Firms choose the capital utilization rate optimally to balance the
cost and benefit. The numerator of equation (26) is the current period capital income (which
is a constant fraction of output) and therefore captures the marginal benefit of utilization.
The denominator is the marginal benefit of saving an additional unit of capital: it is the
present value of the marginal benefit of investment in the next period. The variable ¢,
is the marginal value of capital at the beginning of period ¢ + 1 before depreciation (See
equation equation (B8)). The term E[M;160;11G:+1] includes 6,41, because the cost of capital

utilization depends on the depreciation rate in the next period, which is a function of 6.

Proposition 3 is intuitive. The capital utilization rate is increasing in the current-period
profit but decreasing in the present value of the marginal benefit of investment. An increase
in Z raises both the current-period output (the numerator) and the marginal benefit of
investment (the denominator). As we explained above, the impact of Z on the market-to-
book ratio is minimal due to the lack of persistence. However, its impact on the current-period
output is substantial due to its large magnitude. In the bottom panel of Figure 5, we plot
the optimal utilization rate as functions of k for different levels of Z. It clearly demonstrates
that the optimal utilization rate is strongly increasing in Z but is almost flat in X. Taken
together, the bottom panels of Figures 3 and 5 confirm asset pricing implication A3, that
is, investment rates increase strongly in the permanent component of productivity X. At
the same time, capital utilization is much more sensitive to the transitory component of

productivity shock Z.
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Value and profitability premiums The two-factor productivity structure allows us to
distinguish value/growth from profitability sorted firms. In our model, sorting on the market-
to-book ratio distinguishes firms in terms of the permanent component of productivity and
identifies the state variable k. Sorting on profitability distinguishes firms in terms of the
transitory component of productivity and identifies the state variable Z. Therefore, the
above mechanisms distinguish the value factor and profitability factor as characteristics that
capture different aspects of firm-level fundamentals. In this section, we discuss asset pricing
implication A4 of our model by focusing on the relationship between k and Z and expected

returns, and the coexistence of the value and profitability premiums.

First, risk exposure to capital depreciation shocks is increasing in Z, generating a
profitability premium in our model. From equation (7), we see that capital depreciation
is a negative cash flow to firms and constitutes a form of operating leverage. As we
explained earlier, high-Z firms have higher capital utilization and, therefore, a faster capital
depreciation rate. A positive depreciation shock to # is a negative shock to the economy as it
depletes the total capital stock. These shocks have a more significant impact on high-Z firms,
as they have larger capital depreciation. Low-Z firms, by contrast, are much less affected by
depreciation shocks due to their low capital utilization and depreciation rate. As a result,
the profitability premium in our model arises because the profitability ratio is increasing in
Z.

Note that the state variable k£ has very little impact on the optimal capital utilization
rate, as shown in the bottom panel of Figure 5. This is because an increase in the permanent
component of productivity X has two offsetting effects. It increases the current-period
productivity and encourages capital utilization on the one hand and raises expected future
productivity, and creates an incentive to save on capital utilization and lower depreciation
on the other hand. As a result, firms in different book-to-market ratio sorted portfolios have
little difference in the capital utilization rate and little difference in their exposure to capital
depreciation shocks.

Next, risk exposure to aggregate productivity shocks is increasing in k, generating a value

i
AX -

permanent productivity shock, X, and are low market-to-book ratio firms. The mechanism

premium. Recall that k = As a result, in our model, high-k firms have a low level of
for a higher risk exposure with respect to aggregate productivity shock A; is similar to that in
Zhang (2005): the presence of a convex adjustment cost provides a mechanism of operating
leverage. The capital adjustment cost constitutes a higher fraction of the cash flow for firms
with low levels of permanent productivity shock, therefore, higher operating leverage. As
a result, low permanent productivity firms are more exposed to aggregate TFP shocks and

require a higher expected return in equilibrium. We now turn to the quantitative implications
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of our model.

The above operating leverage channel is also present for firms with different levels of Z.
As a result, low-Z firms, which are low profitability firms, also have higher operating leverage
with respect to aggregate TFP shocks for the same reason. The combination of adjustment
cost of investment and TFP shocks dampens the profitability premium. This is the main
challenge raised by Novy-Marx (2013) for Q-theory-based asset pricing models. However,
quantitatively, this mechanism is not strong enough to completely offset the profitability
premium. As shown in Figure 3, the dispersion in investment rates is much higher along
the k dimension than the Z dimension. Because adjustment cost is a function of investment
rate, the operating leverage coming from the investment channel is more pronounced across
book-to-market sorted portfolios than across profitability sorted portfolios. In addition, as we
demonstrate in the next section, this offsetting mechanism also allows our model to capture
the empirical fact that double sorted portfolios have a more significant profitability premium

than single sorted portfolios.

5 Quantitative results

In this section, we calibrate our model and evaluate its ability to jointly account for the cross-
section of investment dynamics and expected returns. The general equilibrium setup allows
us to calibrate the model parameters to match aggregate moments and evaluate its ability to
explain the patterns of the cross-section of investment dynamics and the coexistence of the

value and profitability premium, as we documented in Section 2.

In our model, the distribution of firms summarized by the measure m is an aggregate state
variable that affects firm investment decisions and stock market valuation. The traditional
approach for solving general equilibrium models with heterogeneous firms is Krusell and
Smith (1998), where the distribution is summarized by a small set of moments, and the
law of the motion of the moments is simulated. We take a different approach to provide a
more accurate approximation for the law of motion of this distribution. In Appendix C, we
show that the law of motion of the summary measure m can be characterized analytically.
This summary measure allows us to discretize this distribution using a high-dimensional
vector. More importantly, it allows us to use a local approximation method to solve the
model numerically. By approximating the distribution using a high-dimensional vector, our
approach can more accurately account for the general equilibrium impact of time-varying

distribution. This is important for several quantitative implications of our model.'*

"1We use the Dynare to solve our model with third-order approximation.
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5.1 Calibration

We calibrate the parameters of our model to match aggregate macroeconomic quantity
dynamics whenever possible. Macroeconomic variables are obtained from the Federal Reserve
Bank of St. Louis. The sample period is from 1963 to 2020, at an annual frequency.
Real output is GDP divided by the GDP deflator. Consumption is personal consumption
expenditures divided by CPI. Real investment is defined as the private nonresidential
investment divided by the investment goods deflator. Real aggregate capital is the private

nonresidential fixed assets deflated by the investment goods deflator.

Table 3: Calibration

Time discount rate 6 0.975
Relative risk aversion vy 16
IES (0 1.5
Capital share in production « 0.3
Span of control parameter v 0.85
Depreciation rate constant Op 0.1
Curvature of depreciation rate A 0.255
Capital adj. cost paramter n 2.5
Mean productivity growth rate s 0.015
Persistence of long-run risks pe 0.988
Volatility of long-run risks oc 0.002
Mean depreciation shock Lo 0.23
Persistence of depreciation shock Po 0.11
Volatility of depreciation shock o) 0.75
Mean of idio. permanent productivity shock px  -0.02

Volatility of idio. permanent productivity shock oy 0.2
Persistent of idio. transitory productivity shock pz  0.15
Volatility of idio. transitory productivity shock oy 0.8
Exit probability KD 0.1
Initial productivity Xo 1

We calibrate our model at an annual frequency and present the parameters in Table
3. The first group is related to preference. We choose a risk aversion of v = 16 and an
intertemporal elasticity of ¢» = 1.5 in line with the long-run risk literature. We set the time
discount factor § = 0.975 so that together with a growth rate of 1.5% per year at the steady

state, our model produces a risk-free interest rate of 2.50% per year, consistent with the data.
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The second group of parameters are production technology parameters. We set the capital
share parameter a to 0.3 to match the average capital share in the U.S. economy. The span
of control parameter v is set to 0.85, which is broadly consistent with its estimates in the
literature, for example, Atkeson and Kehoe (2005). We set the average depreciation rate of
capital, 0y = 10% per year following the RBC literature (Kydland and Prescott (1982)). We
set the curvature of the variable capital utilization function A = 0.255 so that together with
the calibrated stochastic process of 6, our model produces the volatility of capital utilization
rate of about 5% per year, which is consistent with the volatility of capacity utilization rate
in the data. We set the adjustment cost parameter n = 2.5 to match the ratio of the volatility
of aggregate investment to the volatility of output. Our value of investment adjustment cost
parameter is consistent with the estimations in Cooper and Haltiwanger (2006) and David
and Venkateswaran (2019)

The third group of parameters are related to aggregate shocks. We follow Croce (2014)

and assume that the aggregate productivity A; follows the stochastic process:

InA; —InAy = pa+ ¢,
G = pce-1+ et

where 5§ follow normal distributions with zero mean and standard deviation o.. We set the
growth rate ps = 1.5% to match the average growth rate of the U.S. economy in our sample.
As in Croce (2014), we set the persistence of (;, po = 0.988 and the standard deviation
o = 0.2%.

We assume the aggregate depreciation shock follows an autoregressive process,
In6; —Inprg = pe(In Gy — In pg) + €%,

where py is the persistence, g is the steady state level of depreciation shock. To calibrate
these parameter values, we first impute the time-series of aggregate capital depreciation and
capital utilization from the data. In our model, the law of motion of aggregate capital stock

is given by:
/Kj7t+1dj = /Kj7tdj _/5(Uj,t70t+1)Kj,tdj+/]j,tdj- (27)

Given the time-series of aggregate capital stock and aggregate investment, the above equation

allows us back out the time-series of aggregate capital depreciation,

J0(uj e, 0p1) K 4dj _ JKjudj + [ Lidj — [ Kj1dj

28
[ Kjidj [ Kjdj (28)
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We use the above accounting identity in the data to impute aggregate capital depreciate

rates.

We set its persistence py = 0.11 and volatility oy = 0.75, so that the model-simulated
aggregate depreciation rates computed from Equation (28) can match the volatility and
autocorrelation of the empirical counterpart. The volatility and autocorrelation of the
imputed aggregate capital depreciation rate are 2.2% and 10%, respectively. We provide
details of this imputation procedure in Appendix D.2. The steady-state level of depreciation

shock g is set to match the volatility of the aggregate utilization rate in the data, 5%.

The last group of parameters are those for firm-level productivity shocks. We set the
standard deviation of permanent shock oy = 20% and the standard deviation of transitory
shock o7 = 80% based on estimates reported in Gourio (2008). We normalize the mean
of the permanent component so that the average firm’s growth rate in the cross-section is
the same as that of the aggregate economy. We calibrate the exogenous firm death rate xp
at 10% per year to match the average exit rate in the data. The new entrant firms’ initial
productivity is normalized, and we set it so that the summary measure m integrates into

one.

5.2 Aggregate moments

We now turn to the quantitative performance of the model at the aggregate level. We
solve and simulate our model at an annual frequency and compute model-implied annual
moments. We show that our model is broadly consistent with the key empirical features of
macroeconomic quantities and asset prices. Table 4 reports the model-simulated moments of
macroeconomic quantities and asset returns and compares them to their counterparts in the
data.

In terms of aggregate moments, our model inherits the success of real business cycle
models with respect to the quantity side of the economy. The investment-to-output ratio
is 22%, which is close to the value of 17% in the data. The volatility of output growth
is about 2.35% per annum both in our model and in the data. Our model also delivers a
smoother aggregate consumption process (the volatility of consumption growth is 0.94 times
the volatility of aggregate output growth) and a more volatile aggregate investment process
(investment growth volatility is more than 4 times that of output growth) than the aggregate

output, as in the data.

Turning attention to the asset pricing moments (bottom panel), we see that our model
produces a low and smooth risk-free rate, with a mean of 2.5% and a standard deviation

of 1.18%. We follow Croce (2014) and report equity returns in our production economy by
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Table 4: Aggregate moments

This table presents moments from the model simulation and the data, at an annual frequency. The top panel
reports the basic statistics of macroeconomic quantities, and the bottom panel reports the moments for asset

prices.

Data Model

Ay) 214  2.35
Ac)/o(Ay) 094  0.95
o(Ai)/o(Ay)  3.02 422
AC1(Ay) 0.33  0.32
corr(Ay,Ac) 0.88  0.88
corr(Ay,Ai)  0.71  0.64

E[RM — RI] 737 448
o(RM — R/ 1659 7.6
E[R’] 1.28  2.50
o(RY) 222 118

assuming a financial leverage of 2. Our model produces an equity premium of 4.48% and a
standard deviation of the market return of 7.46% per year. Overall, the asset pricing side of

the economy is comparable to standard models with long-run productivity risks.

5.3 Value and profitability premiums

This section presents our model’s implications on the cross-section of expected returns as
well as key firm characteristics for the value and profitability portfolios that we document
in Section 2. We simulate 3000 firms each year, which is roughly the same sample size as
CRSP. Using our simulated data, we construct five market-to-book ratios sorted portfolios,

and five gross profitability sorted portfolios, as we did in the data.!?

In Table 5, we report the statistics for market-to-book sorted portfolios in panel A, and
those for the profitability sorted portfolios in panel B. We make several observations. First,
our model generates a significant value premium as well as a profitability premium. The
expected return is monotonically increasing from value to growth, and the spread between
the value and growth portfolios is 6.85% per year. Similarly, the expected return is increasing

in the gross profitability sorted portfolios in panel B of the table, and the spread between the

12The quantitative results presented in this section use numerical solutions in Dynare with second-order
approximation, as we need a relatively large number of grid points for the summary measure m to provide
an accurate solution for firm-level policy functions.
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high and low profitability portfolios is 2.27% per year. This pattern of the expected return

is consistent with the value and profitability premiums we report in Table 1.

Table 5: Cross-sectional moments

This table presents the moments of model-simulated data. Panel A and B report the moments of the
market-to-book ratio (MB) and the gross profitability (GP/A) sorted portfolios, respectively. We report
the median of firm characteristics, including MB, GP/A, and investment rate (I/K). We also report the
permanent component In X and transitory component In Z of firm-level productivity. The annual excess
returns of value-weighted portfolios E[R¢] are reported in percentages. We assume a financial leverage of two

for model-simulated excess returns. All variables are at an annual frequency.

Panel A: Market-to-book sorted portfolios
Value 2 3 4 Growth Growth-Value

MB 132 141 158 179 250 1.18
GP/A 015 017 018 018  0.19 0.04
I/K 0.07 0.09 012 016 0.24 0.17
mTFP -0.10 -0.08 0.02 015 0.77 0.87
mX  -0.15 -0.09 003 016  0.33 0.48
InZ 001 -004 -0.03 -0.06 023 0.23
E[R)(%) 612 485 351 283 -0.73 -6.85

Panel B: Gross profitability sorted portfolios
Low 2 3 4 High High-Low

MB 141 1.63 151 1.65 165 0.24
GP/A 011 015 0.8 020 0.26 0.11
I/K 009 013 011 013 0.13 0.04
InTFP -089 -031 009 068 1.11 2.00
InX 017 018 009 017 007 -0.10
InZ  -1.04 -040 0.00 051  1.07 2.11
E[R)(%) 349 406 423 537 576 2.27

Second, as in the data, the market-to-book ratios and the gross profitability ratios are

positively correlated. In panel A, gross profitability is increasing from the value to growth
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portfolios, and in panel B, the market-to-book ratio is monotonically increasing in the gross
profitability. In our model, this is because both the gross profitability and the market-to-
book ratio are increasing in the level of productivity. This is the key element in the puzzle
of the profitability premium, and it is the challenge for traditional production-based asset
pricing models with only one factor in firm-level productivity. In one-factor-based models,
both the gross profitability and the market-to-book load positively on the level of firm-
level productivity. As a result, these models cannot simultaneously explain the value and

profitability premiums.

Third, both the permanent and the transitory components of productivity are increasing
from value to growth portfolios as well as from low to high profitability ratio portfolios.
However, the spread in the permanent component, In X, is much larger for market-to-
book sorted portfolios than for the profitability sorted ones. The spread in the transitory
component In Z is more significant for profitability sorted portfolios than for market-to-book
sorted ones. As we explained earlier, in our model, sorting on the market-to-book ratio
identifies the permanent component of productivity shock X, as shocks to X are persistent,
and the market-to-book is a forward-looking measure of the present value of the marginal
product of capital. In panel A, the average In X for the value portfolio is —0.15, and that
for the growth portfolio is 0.33, generating a difference of 0.48. By comparison, the gross
profitability sorted portfolios almost all have roughly the same average level of In X, with a
spread of —0.10 between the high and low profitability portfolios. Because the conditional
volatility of In X is small, its impact on profitability is limited.

The average level of In Z exhibit a pattern different from that of In X. Because the
conditional volatility of In Z is much larger than that of In X, it has a large impact on current-
period profitability. Differences in Z manifest themselves significantly in profitability sorted
portfolios, with a spread of 2.11 between the high and low profitability portfolios. Due to the
lack of persistence, however, Z has a much smaller impact on the market-to-book ratio. The
difference between the average In Z of the growth portfolio and that of the value portfolio is
only 0.23.

Fourth, consistent with the empirical evidence we present in Figure 2, the market-to-book
sorted portfolios differ significantly in terms of average investment rate, while the spread
between the investment rate in profitability sorted portfolios is much smaller by comparison.
In our model, because market-to-book sorting identifies the permanent component of the
productivity shock, X, and investment responds strongly to permanent productivity shocks,
the average investment rate increases from 7% per year to 24% per year from value to
growth portfolios. In contrast, because profitability sorted portfolios do not have a significant

difference in their average In X, the investment rate also does not vary significantly across
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portfolios. Overall, the above results, therefore, confirm the empirical evidence we document

in Section 2 and the asset pricing implications A1-A4 we list in Section 4.

5.4 The composition effect of risk premium

Our model is a general equilibrium one with heterogeneous firms and can be used to study
the feedback mechanism between the cross-section and the aggregate economy. In our model,
the cross-section distribution of firms is a slow-moving state variable and predicts aggregate
stock market returns. In the cross section, firm-level expected returns are increasing in k& and
7. The composition effect also manifests itself in time series: whenever high & firms compose
a higher fraction of market capitalization than low £ firms, the overall market expected return
is high. Similarly, whenever the relative weight of high-Z firms and low-Z firms increases, so

does the market expected return.

In our formulation, firm heterogeneity is summarized by the high-dimensional state
variable m. Our solution method allows us to provide accurate descriptions of the equilibrium
dynamics of the distribution m and study the above feedback mechanism between cross-
section and aggregate time series. To illustrate this composition effect, in Table 6 we report
return predictability regressions where we use variables constructed from the distribution
m to predict model-implied expected return over horizons from one year to six years. We
construct two distribution related variable that reflect this composition effect: the relative
share of high k firms is computed as the ratio of the average market value of the high k firms
(top tercile) over low k firms (bottom tercile), and the relative share of high Z firms is the
ratio of the average market value of the high Z firms (top tercile) over low Z firms (bottom

tercile).

Both the relative shares of high k firms and high Z firms have strong predictive powers
for expected returns. The R? from the regression using the relative share of high k and high
Z firms are around 76% and 11%, respectively. This result implies that the composition
effect accounts for almost all of the return predictability in our model. In fact, most of
the predictability comes from the general equilibrium effect of distribution on the stochastic
discount factor. When we regress conditional volatility of stochastic discount factor on the
relative shares of high k or high Z firms in the model, we obtain very similar R? as those
in Table 6. We do not report t-statistics in Table 6 because we have a large number of

simulations and all coefficients are highly significant.

Below we present empirical evidence that supports the above composition effect implied
by our model. As we demonstrate before, book-to-market ratio is a good empirical proxy

for the state variable k and the profitability ratio is a good empirical proxy for Z. In Table
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Table 6: Distribution and risk premium in the model

This table shows the return predictive regressions using the relative high k£ share and relative high Z share
in the model. The predictive regression is

E, [R%,t+h] — Rg‘—>t+h = const + b - relative share; + e¢ ¢41,

where h is the horizon, E;[RM,, nl = R{ _y¢4p 18 the cumulative expected market excess return from period
t to t + h. We firstly sort firms into tercile portfolios each year based on firms’ state k and Z, respectively.
The relative share of high % firms is the ratio of the average market value of high k firms over low k firms.

The relative share of high Z firms is the ratio of the average market value of high Z firms over low Z firms.

h=1 h=2 h=3 h=4 h=5 h=6
Relative share of high £ firms 0.003 0.006 0.009 0.012 0.014 0.017
R? 077 ox7 077 076 076  0.75

Relative share of high Z firms 0.001 0.002 0.003 0.004 0.005 0.006
R? 0.11r 0.11 0.11 0.11 0.11  0.11

7, we report predictability regressions for market returns over horizons of one to six years
where we approximate the relative shares of high-k and high-Z firms in the data using the
relative shares of value and high profitability firms, respectively. To construct the relative
share of value firms and the relative share of high-profitability firms, we firstly sort firms
into tercile portfolios each year based on their book-to-market ratio and gross profitability,
respectively. We define the relative share of value firms as the ratio of the average asset
value of value firms (in the top tercile of book-to-market sorted portfolios) to that of growth
firms (in the bottom tercile of the book-to-market sorted portfolios). Similarly, we define the
relative share of high-profitability firms as the ratio of the average asset value of top-tercile
high profitability firms to that of bottom-tercile low-profitability firms. The asset value of a

firm in the data is sum of its market capitalization and total value of debt.

Clearly, as shown in the above table, both relative value share and relative profitability
share have significant predictive powers for the market excess returns, even after controlling
for conventional predictive variables such as the dividend yield, market volatility, and credit
spread. The t-statistics are quite significant across the predictability regressions of almost

all horizons from one to six years.
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Table 7: Return predictability in the data

This table shows the return predictive regressions using the relative shares of value and profitable firms in
the data. The predictive regression is

Ri\it+h — Rz{—>t+h = const + b - relative share; + ¢ - controls; + €¢ ¢4,

where h is the horizon, and Ri\ﬂt Th— Rtf —t4p is the cumulative market excess return from period ¢ to ¢ + h.
We firstly sort firms into tercile portfolios each year based on their market-to-book and gross profitability,
respectively. The relative share of value firms is the ratio of the average asset value of the value firms over
growth firms. The relative share of profitable firms is the ratio of the average asset value of the profitable
firms over unprofitable firms. The asset value of a firm is the sum of its market capitalization and debt. We
also control for dividend yield, market volatility, and credit spread. The sample period is from 1963 to 2020.

We report t-statistics in parenthesis, which are Newey-West adjusted allowing for 8 lags.

h=1 h=2 h=3 h=4 h=5 h=

Relative share of value firms 0.015 0.077 0.109 0.122 0.126 0.151
(t) (0.70) (2.39) (3.12) (3.61) (3.23) (2.77)

R? 0.06 0.15 0.11 0.15 020 0.21

Relative share of profitable firms 0.072 0.146 0.173 0.217 0.277 0.290
(t) (3.95) (5.23) (4.44) (3.85) (3.93) (3.30)

R? 0.14  0.26 0.19 0.25 0.33 0.29

5.5 Double sorted portfolios

In this section, we examine our model’s ability to account for the expected returns on market-
to-book and profitability ratio double sorted portfolios. Empirically, as shown by Novy-
Marx (2013), controlling for profitability can significantly improve the value premium, and
controlling for book-to-market can significantly improve the spread between high and low
profitability sorted portfolios. This is an important aspect of the puzzle to address, because

it presents an additional challenge for production-based asset pricing models.

We perform the same double-sorting procedure as in Novy-Marx (2013) using model-
simulated data. We form portfolios by sorting firms independently into quintiles based on
gross profitability and market-to-book ratio. The value-weighted average excess returns of
the double sorted portfolios are presented in Table 8. Panel A reports the results using
the empirical data between 1963 and 2020, and panel B reports the results from the model

simulation.

As shown in Panel B, after controlling for value, the profitability strategy earns a
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Table 8: Double sorted portfolios using model-simulated data

This table shows the value-weighted average excess returns of portfolios independently double sorted on gross
profitability and market-to-book ratio. We also report the average returns of high-minus-low portfolios on
each dimension. Panel A reports the results from the model-simulated data, Panel B reports the results
from the empirical data. For the model-simulated excess returns, we assume a financial leverage of two. The

t-statistics are in parenthesis, which are Newey-West adjusted allowing for 3 lags.

Panel A: Data

GP/A1 GP/A2 GP/A3 GP/A4 GP/A5 H-L (t)
MB1 8.44 11.55 13.06 12.08 12.32 413 (1.72)
MB2 5.49 7.54 11.60 13.81 11.07 558 (2.35)
MB3 6.26 6.04 8.11 10.13 9.83 3.57 (1.63)
MB4 3.81 4.85 6.04 8.88 9.17 5.35  (2.12)
MB5 1.46 3.12 4.91 4.66 8.98 7.52  (2.88)
H-L -6.98 -8.43 -8.36 -7.55 -3.65
(t) (-2.21)  (-341) (-2.82) (-2.60) (-1.22)
Panel B: Model
GP/A1 GP/A2 GP/A3 GP/A4 GP/A5 H-L (t)
MB1 4.48 5.99 5.52 7.93 1041 594 (9.11)
MB2 3.65 2.29 4.89 6.97 7.11 3.46  (7.18)
MB3 2.06 2.59 3.75 3.72 4.96 290 (7.69)
MB4 0.99 1.99 2.24 3.48 4.49 3.54 (10.87)
MB5 0.48 -1.32 -0.69 -2.82 0.13 0.81 (2.19)
H-L -4.74 -7.01 -7.70 -10.75 -10.36
(t) (4.99) (8.31) (6.70)  (20.49) (38.12)

higher average return than the same strategy for univariate sorted portfolios. The average
profitability spread across market-to-book ratio quintiles is 3.33% per annum (the second
to last column), which is significantly higher than the unconditional profitability premium,
2.27%, as shown in Table 5. The same pattern holds for the value spread. As shown in Panel
B of Table 8, the average value-growth spread across the five profitability quintiles is 8.11%
(second to last row), which is higher than the value premium for univariate sorted portfolios,
6.85%.

The above pattern highlights the economic mechanism of our model. In our model, the
most efficient way to generate return spreads is to sort directly on the two components of

productivity, In X and In Z, respectively. The market-to-book ratio and the gross profitability
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are noisy measures of In X and In Z, and they contaminate each other. Firms with higher
market-to-book ratios have higher permanent components of productivity on average. As
a result, they have lower average returns than value firms due to the role of adjustment
costs, as we discuss in Section 4. However, higher levels of the transitory component of
productivity, Z, will also increase the market-to-book ratio. Because high Z is associated
with a higher risk exposure to the capital depreciation shock, this effect dampens the value
premium in univariate sorted portfolios. The same dampening mechanism is true for the
univariate sorted profitability portfolios. Double sorting allows our model to separate the
permanent component In X from the transitory component In Z and create a stronger spread
in expected returns. In fact, in our model, the spread in the average In X between value
and growth portfolios is significantly higher for the double sorted portfolios than that for
book-to-market single sorted portfolios. Similar patterns hold true for the profitability ratio

sorted portfolios as well.

6 Conclusion

In this paper, we develop a production-based general equilibrium model with heterogeneous
firms to jointly explain the value and profitability premiums. We emphasize the importance
of a two-factor structure of productivity shocks to distinguish value and profitability as
distinct firm-level characteristics. In addition, our model features two independent sources
of aggregate shocks: productivity shocks and capital depreciation shocks. In equilibrium,
the value factor endogenously loads more on productivity shocks, and the profitability factor
loads more on capital depreciation shocks. Our model not only matches the key features of
macroeconomic quantities and the dynamics of aggregate asset market, but more importantly,
it captures well the coexistence of the value and profitability premium, as well as the different

investment behaviors of value and growth sorted portfolios.

Our model features a general equilibrium setup, and we develop a method to numerically
solve the model by exploiting the analytical expressions of the law of motion of the cross-
section distribution of firms. This allows us to identify an important general equilibrium
implication of return predictability from the cross-section distribution of firms. We show
that consistent with the data, in our model, the relative weights of value and growth firms
and that of high- and low- profitability firms have strong predictive powers for aggregate
stock market returns.
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Appendix

A Decomposition of firm-level productivity

A.1 Estimating firm-level productivity

We first construct a measure of productivity at the firm level by assuming a profit function
of the Cobb-Douglas form

log(IL;;) = constant + nTFP;; + vlog K;; + €,

where InT'F'P;, is the productivity of firm ¢ at time ¢, K, is its capital stock, v is the capital
share, and ¢;; is the measurement error. This specification is consistent with the operating
profits from the firm’s optimal condition, as shown in equation (14). We use Compustat item
PPENT for capital. Following Ball et al. (2016), we use operating profit for profit IT;,."3

However, by taking the Solow residuals, the productivity a;; cannot be separated from
the measurement error €;. The key difference between a;; and €, is that the former is a state
variable that affects the firm’s optimal decisions, whereas the latter does not. Following the
industrial organization literature (e.g., Olley and Pakes (1996) and De Loecker et al. (2020)),
we first project the observed operating profits on a set of polynomials based on capital K,
and an instrument variable (;; to obtain the expected profits. This step helps us to remove

the measurement error:

log(IL,;) = ¢o + Z Z bin.n(log K1) (log Cie)" + €z

m=0 n=0

Following De Loecker et al. (2020), we use variable cost as the instrument variable. We define

the Solow residual as

—

Solow;; = log(Il;;) — v1og(K+)

Q&+ Y Y buallog ;)™ (log G,)" — viog K.

13In the model we developed in Section 3, the profit function, defined as total revenue less labor income,
takes the same Cobb-Douglas functional form. We use profit function rather than production function for
imputing firm-level productivity because the Compustat database does not have good coverage of employment
data at the firm level.
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We use the calibrated value v = (.85, as in our model.**

To take into account the aggregate trend in the economy, we regress firm-level Solow
residuals on a common linear trend. Therefore, the firm-level productivity InT'FP;, is
obtained by

Solow;; =c-t+InTFP;,.

A.2 TUnobserved components decomposition

In Section 2.2, we assume for each firm j, its productivity takes the following form:

InTFPj; =InX;, +1InZ;,,
In Xj,t = Ky + lanytfl -+ 0X,5€5.t)
InZ;4 = pz;InZje 1 + 0z5m;0,

where InTFP;; is the observed productivity series in logarithm, In Xj; is the unobserved
trend component, which is assumed to be a random walk with average growth rate u;,
and InZ;; is the unobserved stationary component. To ensure that our decomposition
is consistent with the productivity specification in our general equilibrium model, we
assume that the innovations to the trend and transitory components are independent, thus

cov(gj 4, Mjats) = 0,Vs.

We rewrite the productivity process into the state space representation:

In X
InTFP;, = ( 11 ) ( H > : (A1)

lIl Z]‘,t
In Xj,t 10 1 In Xj’t,1 0X,j€jt
mZj, | =10 pz; O InZjr |+ | oz5m0 | > (A42)
1 0 0 1 ,Uj 0

where equation (A1) is the observation equation and equation (A2) is the state equation. To
account for the firm-level fixed effect, we estimate the parameters separately for each firm. We

estimate this state space model using the unobserved component package in statsmodels.

4We do not jointly estimate the capital share in profit function v. The industrial organization literature
focuses on estimating the production function with productivity following a Markov process. As in Section
2.2, we are interested in a two-factor structure in productivity, which contains both a transitory (AR(1))
and a permanent (random walk) component. Therefore, the total productivity no longer follows a Markov
process. Fully estimating the production function of a non-Markov process in productivity is beyond the
scope of this paper.
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A.3 Nonstationarity of firm-level productivity

To empirically show that the firm-level productivity contains a permanent component, we
perform two tests: the augmented Dickey-Fuller (ADF) test and the KPSS test proposed by
Kwiatkowski et al. (1992). Both tests are used to test if a time series contains a unit root
process. The null hypothesis of the ADF test is that the time series contains a unit root
process. However, many firms have a relatively small sample size. The small sample bias of
the ADF test leads us to accept that there is a unit root process too often. To address this
issue, we also perform the KPSS test, in which the null hypothesis is that the time series
is stationary. The small sample bias of the KPSS test is toward accepting stationarity. By
combing the results from the ADF and KPSS tests, we can have a balanced view of the

stationarity of the firm-level productivity process.

We perform both the ADF and KPSS tests, and the summary statistics of the p-values
are reported in Table A.9. We focus on the case that we restrict firms to have at least 30
observations of productivity. The results of the ADF test suggest that for 95.58% of the
firms, we cannot reject the null hypothesis that the firm-level productivity is nonstationary
at the 1% level. The KPSS tests suggest a similar conclusion that for 99.99% of the firms,
we can reject the null hypothesis that the productivity is stationary. Our results are robust

if we perform these two tests on firms with fewer observations.

Table A.9: Tests of nonstationarity of firm-level productivity

This table presents the results of the ADF and KPSS tests. We report the percentage of the times that
the ADF test is not rejected and the KPSS test is rejected for different confidence levels, 1%, 5%, and 10%,
respectively. The null hypothesis for the ADF test is that the time series contains a unit root process. The
null hypothesis for the KPSS test is that the time series is stationary. The tests are performed for each firm’s
productivity when the number of observations exceeds certain thresholds.

ADF KPSS
Minimum Number
1% 5% 10% 1% 5% 10% observations of firms
95.58 90.07 85.30 58.18 82.15 99.99 30 1833
91.30 85.04 79.97 30.27  66.87 99.99 15 5739

B Proof of Propositions
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B.1 Proof of proposition 1

To prove the homogeneity property of firm dividend and valuation, we start by showing that
the operating profit function II has a similar property. The operating profit function is given
by

(K, Zy, X3 S)) = oY (Ky, Zy, X4 Sy),

which can be rewritten as
(K, Zy, Xi3 St) = a( A Xo Ze) 7Y (uK )"0 (S) ™ = A Xom (ke, Zis Sy),
where the normalized operating profit function
ke, Ze; S1) = a [Z777 (wike) "] 0 (S)*,

Therefore, operating profit function satisfy the homogeneity property.

A firm’s dividend is given by the budget constraint 10. Due to the homogeneity property
of both the operating profit II and convex adjustment H, the budget constraint 10 can be

written as

di A Xy 4+ 1.4 Xy + H (i, k) A Xy < ke, Zi; Sp) A X,

This gives rise to the normalized firm budget constraint
dy + iy + H(ig, k) + Eke < mw(ke, Zy; St) (B3)

Finally, the normalized firm value v(k;, Z;; S;) follows as the cash-flow is homogeneous of

degree one with respect to A4;X; and is given by

v(ki, Zy; S;) = max dy + B [Mt+1v(k?t+17 Zii1; St+1)€”A+Ct+ef+l+#+%€t+l] ; (B4)

it,ut,dt

B.2 Proof of proposition 2 and 3

a. The lagrangian associated with the dynamic programming problem 9 is

o0

EZEt

s=1

(B5)

where the Lagrangian multiplier for the capital accumulation equation is denoted as ;.
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e first order condition for investment I,
1+ Hi(I, K;) = (1 — 5p) By [My1Gi41] (B6)
e first order condition for utilization u

My = (1 — £p)up By [Mys1641G41], (B7)

e first order condition for K,

. oIl .

Jir1 = 8Kt+1 — Hi(Iip1, Ke1) + (1 — £p) Err [Myg1042(1 — 6(wer1, Op2)) oo, (B)
t+1

where the marginal product of capital MPK is given by g%. The economic

interpretation of Lagrangian multiplier ¢; is that it is the marginal value of capital at
the beginning of the period t before depreciation. Its net present value is the marginal

Q, as shown in equation (B6). Combine equation (B6) and (B8) we have that

OMlyyy

0Ky

Lo Hy(l, o) =(1 = k) B Mos (5255 = Hic(Lign, Kin) )

(B9)
+(1 = kp)Eip [Mt+1,t+2 (1 — O (U1, 9t+2))§t+2} }7

Use the law of iterated expectation iterate ¢ forward using equation (B8), we have that

L i1 1) = B | Y2 BMyas e MPEos| = B Y BMuvesHic(Tir, Ko,

s=1 s=1

where
. (1—-kp), whens=1

65 - o
(1 — HD)S H,[_le (1 — 5(ut+7—, Qt+7—+1)>7 when s Z 2

Because the convex adjustment cost function is homogeneous of degree 1, therefore
H;(I;, K;) = H;(iy, k) and Hg (I, K;) = Hy(ig, k). This completes the proof for part a.
of Proposition 2. O

b. To prove the relation between investment and firm value, we multiply K;.; on both sides
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of equation (B6), this gives

Oy 1y

My <—Kt+1 — Hyg (L1, K1) K

(14 H(I;, K)| K1 =(1 — kp) Ey T

+(1 = £p) Erg1 [Mig1,42(1 — 0(ugsn, 9t+2))Q~t+2Kt+1])]

Ol 44

M <—Kt+1 — Hi (L1, K1) K

—=(1— kp)E
(1= #p)E; 0K\t

+(1 = £p) Er1 [Mig1p2G2 (K — It—&—l)})] ;

where we use the capital accumulation equation (7) to replace the term (1—08(wy1, 0p12) Kit1).

Apply equation (B6), the proof above can be written as

[1+ Hi(I, K))| K1 =(1 — kp) E, K
t+1

oIl
Mt+1( " Koy — Hi (T, Kipr) Ko

—li1 — Hi(Lig, K1) Kyn + [1 + Hr(Iyy1, Kt+1)] Kt+2>] ;

Because investment adjustment cost H (I, K) is homogeneous of degree 1, this can be further

expressed as

(14 Hy(Iy, Kp)| Ky =(1 — kp) By

My (Ht+1 — Ly — H(Lij, K1) + 57—
+[1+ Hi(Li41, Kt+1)}Kt+2)] ,

Iterate [1 + Hi(141, Kt+1)] K, 5 forward and use the definition of firm value, we have

- Ol
[L+ Hy(I;, K;)| K1 =Vi — Dy + E, ( =

Z(l — Kp) Miiys

s=1

:‘/t_Dt_ (1 —V)Et
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Proposition 3 Using the optimal utilization equation (B7), the left-hand variable II,, is

11
M, = v—, (B10)

Ut
Combine with the right hand side of optimal utilization equation, we have that

I/Ht
(1 = kp)E[Mi10111Gea]

1+A _
Uy =

C Normalized firm problem and the summary measure

Thanks to the homogeneity property of the problem, the aggregate state vector S; can be
further simplified and denoted as s, = ((;, 0, m;). Now the normalized aggregate state vector
includes the predictable component of aggregate TFP (;, the capital utilization shock 6;, and
an aggregate state variable m,; that summarizes and replaces the higher dimensional firm
distribution I';. We term m,; as the summary measure and we explain the construction of it

below, after we introduce normalized firm maximization problem.

Given the normalized state vector s; and its law of motion, the normalized firm value

v(ky, Zy; s¢) satisfies the following Bellman equation:

U(kt, Zt, St) = 'ma{i dt + (1 — HD)E Mt+1v(kt+17 Zt+1; St+1)6“A+Ct+6tA+1+M+aI€t+1 s (Cll)
it Ut ,dt
subject to
dt +/Lt +H(lt7k3t) S W(kt7Zt;St>, (ClQ)
e”A+Ct+€?+1+“+UI€t+1kt+1 = (1 — 0(ug, Or1)) e + iy, (C13)

and the depreciation function § is given by equation (8).

For new entrant firms, their normalized value function is given by

?7(81/) = max —fﬂt — ﬁ(k’t) -+ (1 — KZD)E Mt+1fl}(i€t, Zt+1; St+1)6“A+Ct+€?+1+u+azq+l . (014)
k¢

Finally, we describe the construction of the aggregate state variable m which we refer to as
the “summary measure”. Let T'(k, Z, X) denote the joint distribution of (k, Z, X) for firm’s
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state variable which is derived from the distribution I' as follows,

I'(K,2,X)=T(k-X,dZ,dX) =T(k, Z,X),

where df‘()_( ) denotes the distribution of new entrant firms’ productivity. In general, [isa
state variable in the construction of a recursive competitive equilibrium because the aggregate
resource constraint (C15) depends on the distribution T,

c(s)+/(z’(k;, Z:s)+ Hi(k, Z; s),k))XdF(k;, Z,X)+/(l_c(s)JrH(k(s)))XdF(X) o
- / [u(k:, Z; s)”k"’Zl_”} “Xdl(k, 7, X),

—C

where c(s) = 5

is the normalized aggregate consumption.

The aggregate investment, including adjustment costs, can be written as
/ (@'(k;, Z;s) + H(i(k, Z; 5), k))de(k;, Z,X)

:/ (itk. Z; ) + Hi(k, Z;5),k) ) [/de(X]k,Z)]df(k, 2),
(C16)
where we decompose the joint distribution into a marginal distribution and a conditional
distribution: dI'(k, Z, X) = dU(X |k, Z) - dU'(k, Z). We define the summary measure m(k, Z)
as
m(k, Z) :/de(xyk, 7).

Thus, m(k,Z) is the average amount of permanent productivity X for firms with (k, Z).
Similarly, the initial amount of permanent productivity for new entrants is referred to as

m(k). The aggregate resource constraint (C15) can be written as

o(s) +/ (i(k, Z:s)+ H(i(k, Z; s),k))m(k,Z)df(k, Z) + (12:(3) +H(k(s))>m(l_€(s))

- / [ulk, ;5K 2| "k, 2)dT(k, 2).
(C17)
The summary measure m reduces the three-dimensional distribution I' into a two-dimensional
one. This greatly simplifies our analysis. Now we are ready to define a recursive competitive
equilibrium with normalized variables and summary measures, which we solve numerically.

A recursive competitive equilibrium consists of:

e A value function for the representative household’s utility u(s) and the associated
u(s) c(s)

consumption policy function c(s), where u(s) = = and c(s) = =2

o1



e A value function for incumbent firms, v(k, Z;s), and the associated policy functions,
i(k,Z;s) and u(k, Z; s).
e A value function for new firms, ¥(s), and the associated policy function, k(s), where
o(s) = V8 k(s) = K8
v(s) - and k(s) 5
e A stochastic discount factor, M(s'|s), which is given by
1 . 1/110*“/
/ _E /l’l (S/) - -
M(s'|s) = Be(watéten c(s') 1
(1s) = e c(s) Ea(s) 7 e0—luateret] - (19
e A low of motion of the summary measure m, that is given by
nZ' —p,InZ
m' (K, 2') = (1 - kp) /]Ik/(k, AR (M) m(k, Z)
o,
_ (C19)
- - - mZ —p,InZ -
ol 2)0 (L2 i)

such that the following conditions are met:

1. given the equilibrium stochastic discount factor and law of motion of summary measure
m, the value function v(k, Z; s) and the policy functions, i(k, Z; s) and u(k, Z; s) , solve

the normalized maximization problem (C11), (C12), and (C13) for incumbent firms.

2. the value function ©(s) and the policy function k(s) solve the profit maximization

problem for new entrants (C14).
3. the equilibrium SDF is consistent with household consumption.
4. the law of motion of summary measure (C19) is consistent with firms’ optimal policies
5. Market clearing conditions (C15) holds.

6. labor market clearing gives rise to the optimal labor allocation across firms.

D Data construction

D.1 Firm-level variables

We obtain firm-level balance sheet data from the Compustat Annual Database, for the period

1963 to 2020. Following standard practice in the literature, we exclude utility firms (SIC codes
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between 4900-4999) and financial firms (SIC codes between 6000-6999). Firm-level variables
are deflated using the GDP deflator, obtained from the Bureau of Economic Analysis (BEA).
Monthly data stock prices are obtained from CRSP database, from 1963 to 2020. Detailed

definitions of variables are presented in Table D.10.

Table D.10: Variable definitions

Variables Definition Sources
BE Book value of equity, computed as the book value of stockholders’ Compustat

equity, plus balance sheet deferred taxes and investment tax credit

(if available), minus the book value of preferred stock. Depending

on availability, we use the redemption, liquidation, or par value (in

that order) as the book value of preferred stock.
ME Market value of equity is copmputed as price per share times the Compustat

number of shares outstanding. The share price is taken from CRSP,

the number of shares outstandings from Compustat or CRSP,

depending on availability.
BM Book to market value of equity ratio. Compustat
GP/A Compustat item REVT minus COGS divided by AT. Compustat
ASales Growth rate of Compustat item SALE. Compustat
I/K Compustat item CAPX minus SPPE divided by PPEGT. Compustat
AAT Growth rate of Compustat item AT. Compustat
ACF Growth rate of Compustat item EBITDA. Compustat
Operating profits Compustat item REVT minus the sum of COGS and XSGA. See Compustat

Ball et al. (2016).

D.2 Aggregate capital depreciation rates

We use the flow budget constraint for capital to compute the aggregate depreciation rates,

_ Ki+1 — Ky

0
t K,

where I; is the real investment and K, is the real capital stock. Real investment is defined

as the private nonresidential investment divided by the investment goods deflator.

Real

aggregate capital is the private nonresidential fixed assets deflated by the investment goods

deflator.
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