Appendices for Reviewers to “A tractable model of
limited enforcement and the life-cycle dynamics of

firms”

A Proof of Lemma 1

Fixing Zy, suppose ({Ki.},{Ci.}) and ({Ks:},{Cs:}) are the two optimal contracts
which promise the entrepreneur the initial utility levels, U; and U,, respectively. Obvi-

ously, for any n € (0, 1),

({nKye+ (L =1n) Ko}, {nCri + (1 — 1) Cay})

is a contract that promises the entrepreneur nU, + (1 — n) U, and satisfies the borrowing
constraint (4). On the other hand, the operating profit is concave in K, hence this contract
yields an expected payoff of the investor no less than nV (Zy,U,) + (1 —n) V (Zy, U,) and

we have the desired result.

B Proof of Proposition 1

The main task in the proof is to verify the optimality of the optimal contract and the

associated normalized value function. It is easy to show the following preliminary result.

Lemma B.1. v(-) satisfies HIB (9); v"(u) < 0 and v'(u) > —1; the inequalities are strict

over [0,4) and binding for u > 4.
Verification of the optimality of the contract is divided in to Lemmas B.2 and B.3.

Lemma B.2. The contract characterized in Proposition 1 generates the normalized value

function v(u).

Proof. Suppose u = u € [0,4], and let 0; be the normalized firm value to the investor at
t under the contract and 7' be the time such that uj = @ under the contract. Then for
t>T, ky = % and dCy = Z; (f — p) udt. Then the normalized payoff to the investor at T



is

s = ZLTET V:e—’“(t—f)zt ((%)a — (r+96) % —(B-p) u) dt]

- riu[(%>a—(r+5)%—(ﬁ—u)ﬂ] (B.1)

Since v’ (4) = —1, the HJB equation (9), definition of @, (11), and (B.1) imply v (@) =
0. Now, for ¢ < T, we define

t
U, = / e " ((Zsl_O‘KSO‘ —(r+9) KS) ds — dC’t) +e " Zw (uy) .
0
Obviously, ¥4 = Zy0y, the normalized payoff to the investor at ¢ = 0, and
e"dW, = Zy [k§ — (r +0) ke — (r — p)v (u) + (8 — p) g’ (ue)] dt

Since @ < u*, ky = %, the optimal policy implied by the maximization problem on the

right hand side of (9). Therefore, (9) implies that {¥;} is a super martingale and

1 1 .
v (g) = 70\110 = ZEO [\I/T] = Vo

and we have the desired result. O
Lemma B.3. The contract characterized in Proposition 1 is optimal

Proof. We show that the normalized payoff of the investor under any contract satisfy-
ing the constraint (4) and promising the entrepreneur u > 0 is no larger than v (u).
Let ({C’t} , {f(t}> be such an alternative contract which implies the entrepreneur’s

continuation-utility process {Ut . We accordingly define @, k;, g, and the investor’s

normalized payoff process @. Let T = inf {t > 0 : @, = 0}. Then (4) implies that @ = 0,
k=0and & =0 for t > T. So 9z = v(0)." For t < T we define

U, = /t e " [ZS (l;:? —(r+9) l~€s> ds — dé’s] +e " Zw () .
0

So W is the expected payoff of the investor if she follow the alternative contract up to t and
then switches to the contract we described in the proposition. Obviously, ¥o = Zyv ()

and @T is the expected payoff of the investor under the alternative contract. Hence

fe = O )= (= )o@ + (5 — )  (3) dt} B2)

G_Ttd\ijt = Zt -
— (1 +v' (W) £dC,

INotice that T = oo if @; never hits zero under the contract.



Since v satisfies the HJB equation (2), the coefficient of dt in the first row is non-positive;
the coefficient of dC, is non-positive because v/(i1) > —1(Lemma B.1). Therefore {\ilt} is

a super martingale and

1 - 1 ~
(% (Uo) = 70@0 > ZE@ |:\IJT] .

So we have the desired result. O

C Proof of Proposition 2

Given the policy functions under the optimal contract, for u € [0, a], w(u) satisfies the
following HJB differential equation.

0=(3) —r+8) 7 — = mw + (8- puw (u).
Obviously, on the left boundary, w(0) = 0; on the right boundary, when u is reached,
ke =k = % which is time invariant. Therefore w (4) = ﬁ So w is characterized by (14)
and (14).

Now we show that w(u) increases with u. Notice that we only need to show the
result over [0,4]. Suppose that two optimal contracts start with two different initial
utility levels promised to the entrepreneur, u! and w?, with u' < u? < 4. Denote the
{u; }-process under the two contracts {u; } and {u?} respectively. According to the policy

functions characterized in Proposition 1, k (u}) < k (u2) < k < k* and then
T (k: (u%)) < (k‘ (uf)) forallt >0

with the inequality being strict before u; hits 4. Here 7(k) = k% — (r + &) k. Therefore
w (gl) —w (f) =FE, {/ e "z, (7r (k: (utl)) -7 (k‘ (u?))) dt| < 0.
0
So we have w'(u) > 0 and the inequality is strict if u < 4.

D Proof of Proposition 4

We focus on Parts (a) and (c) as the results in Part (b) are straightforward.

Part (a): It is easy to show result about p and we show the one about . According



to the definition of 7", we need to show that @ strictly increases with 6. Notice that

du { o }lia_i_{ « a —a(B—r)
o0  |r+5+60(B—1) r+d+6(8—r) (7’—1—5—1—0(5—7"))2
Ta )
[r+5+«9 )} r+d6+0(5—r)
> 0.

So we have the desired result.
Part (c¢): We need to show that @ strictly increases with « when the condition is
satisfied. According to (11),

1

ou 0 o o
oo l—a|r+d6+0(3—1)

toIn [r+5+(;(ﬁ—r)} [r+5+3(5—r) B (1_1a)2‘

The first term on the right hand side is positive, and so is the second if > 1.

(0]
r+6+0(8—r)
Hence, we have the desired result.

E Proof of Proposition 5

0 b= (:£5)1(2)

By plugging in (11), we have (16). The value matching conditions (13) and (15) imply

B—u.
u.
T—

o-(()- 229/ ()

By plugging in (11), we have (17). It is easy to check that ¢ (@) is positive and Assumption

According to (15)

y (@) =w(a) —v(a)=

Thus

1 guarantees the positivity of [ (4). The dependences of ¢ (4) and [ (%) on the parameters

are obvious.
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