
Lecture 5: Non-expected utility and generalized
risk-sensitivity

I Non-expected utility

A Recursive utility

B Multiple-prior (Maxmin)

C Robust control

C.1 The Robust Control Model

This section is a brief summary of the link/comparison between Hansen Sargent and Gilboa

and Schmeidler.

One can think of robust control as a special case of the Gilboa-Schmeidler multiple prior

utility model. An expected utility agent maximizes:

NX
i=1

� (i)u (Ci) ;

where � = [�1; �2; � � ��N ] is a probability vector. An agent with multiple prior preference
maximizes:

min
�2�

(
NX
i=1

� (i)u (Ci)

)
;

where � is a set of probabilities. That is, the multiple prior agent select from a set of

probabilities that minimizes the expectation. One interpretation is that the agent is worried

that there is a malevolent nature who works against him or her. Note that this setup

e¤ectly increases risk aversion. For example, if you choose a constant consumption plan,

then nature cannot really harm you, as the expectation under all probabilities are the same.

If you choose a risky consumption plan, the agent can always choose a proability measure

that has more weight on the bad state of the world.

One can specify the set of probabilities, � in many ways. Many non-expected utility

models (for example, the cumulative prospect theory of Kahneman and Tversky 1992) boils

down to choosing a di¤erent �. In this sense, the multiple prior utility model include many

non-expected utility model as special cases.
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The robust control model of Hansen and Sargent corresponds to choosing � to be a set

of probabilities "close to" a reference probability measure. The closeness is measured by

relative entropy.

We �rst de�ne relative entropy.

De�nition 1 (Relative Entropy)
Given a reference probability vector f� (i)gni=n, the relative entropy of fp (i)g

n
i=n with

respect to f� (i)gni=n is de�ned as:

R (p k �) =
nX
i=1

p (i) ln
p (i)

� (i)
:

Remark 1 (Relative Entropy)

1. Denote the density (or in general, the Radon-Nikodym derivative) of p with respect to

� as fm (i)gni=n, that is,
p(i)
�(i) = m (i) , then relative entropy can be written as:

R (p k �) =
nX
i=1

� (i)m (i) lnm (i) = E [m lnm] : (1)

2. In robust control models, the probability � is interpreted as the "reference model".

However, the agent is not completely con�dent about the reference model, and he or

she thinks the "true model" should be close to the reference model.

3. Relative entropy can be used as a measure of distance between the true model and the

reference model. One can show that R (p k �) � 0 and "=" holds if and only p = �

(using Jensen�s inequality). That is, the distance between any p and � is always

positive. Hansen and Sargent use the constraint

R (p k �) � � (2)

to de�ne a set of probability measures p that are "close" to �.

To summarize, the robust control model can be viewed as the special case of the Gilboa-

Schmeidler model, where � is de�ned by relative entropy:

� = all probabilities p that satisfies R (p k �) � �:
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Remark 2 Note that this equivalence is true in static models. In dynamic models, not
neccessarily so. There is a debate between Hansen-Sargent and Epstein and Shneider in

terms of the dynamic consistency of these models. I do not think Hansen and Sargent want

to interpret their model as a special case of Gilboa Schmeidler that models preferences. I

think they want to interpret it as a way of formalizing "doubts" and "Knightian uncertainty",

without resorting to Gilboa and Schmeidler axioms.

C.2 Two Formulations of Robust Control Problems

This section is based on Hansen and Sargent (2001 AER).

Consider an agent wtih concerns for robustness. He calculates his utility level by:

minE [mu (C)] (3)

subject to : E [m lnm] � � (4)

E [m] = 1 (5)

In the above model, I rewrite the relative entropy constraint as a constraint on the density

of the probability. This is what Hansen and Sargent (AER 2001) call the "constraint robust

control problem", or the "constraint robust control preference". Here � is the parameter

that quantify the concern for robustness. Higher � corresponds to more model uncertainty,

because it means the set of possible models is large.

The Lagrangian equation for the optimization problem is:

L = E [mu (C)]� � fE [m]� 1g+ �E [m lnm] :1 (6)

Using the �rst order conditions, we have:

u (Ci)� �+ � (lnmi + 1) = 0: (7)

Together with the condition E [m] = 1, (7) imply

mi =
e�

u(C)
�

E
h
e�

u(C)
�

i : (8)

1Note that I omitted the term �, because this does not a¤ect the optimality conditions.
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We use (6) and (8) to write the Lagrangian as:

L = �� lnE
h
e�

u(C)
�

i
: (9)

Of course, to complete the solution to the optimization problem (3-5), we need to express

� as a function of �. However, Hansen and Sargent noted that the funtional form of (9)

is much simpler to deal with if we started with � but not �. So instead of using (3-5) to

represent the preference, Hansen and Sargent use the following multiplier robust control

problem to represent preferences:

minE [mu (C)] + �E [m lnm] (10)

subject to : E [m] = 1: (11)

Problem (10-11) is what Hansen and Sargent call the multiplier robust control problem,

or the multiplier robust control preference. As we can see this formulation is purely moti-

vated by mathematical convenience. Hansen and Sargent mostly use the multiplier robust

control problem in subsequent work due to its tractability.

Remark 3 (Multiplier Robust Control Preference)

1. Note that the above discussion implies that the solution to the multiplier robust control

problem has a closed form:

�� lnE
h
e�

u(C)
�

i
=

minE [mu (C)] + �E [m lnm]

subject to : E [m] = 1
: (12)

This is the reason why Hansen and Sargent prefer this formulation. Under this for-

mulation, � is the parameter that quanti�es robustness. A large � corresponds to

less model uncertainty. In fact, �� lnE
h
e�

u(C)
�

i
! E [mu (C)] (expected utility) as

� !1.

2. Hansen and Sargent (JET 2007) de�ne an operator T� that maps a stochastic utility

into a certainty equivalent that re�ects model uncertainty:

T� (u) = �� lnE
h
e�

u(C)
�

i
:

This is motivated by (12).
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3. Consider a robust control prefrence agent who faces a deterministic consumption C0
today, and a stochastic consumption C1 tomorrow. Let�s assume his discount rate is

�. In this case, the agent calculate his utility according to:

u (C0)� �� lnE
h
e�

1
�
u(C1)

i
: (13)

Let�s assume that u (�) is log, and denote � = 1
�1 , for some  > 1.

2 The above can

be written as:

ln (C0) + �
1

1�  lnE
h
C1�1

i
: (14)

Note that (14) is the utility function of a recursive utility maximizer with unit IES

and with risk aversion  = 1 + 1
� . This is the equivalence between robust control of

recursive utility.

D Smooth ambiguity

The smooth ambiguity preferences of KMM can be represented as:

I (V ) = ��1
�Z

M
�

�Z


mV dP

�
d� (m)

�
; (15)

where � is a probability measure on a set of probabilities densities M .

II Generalized risk sensitivity

In this section, we consider a very general class of intertemporal preferences that has the

recursive representation

Vt = u (Ct) + �I [Vt+1] ; (16)

where � 2 (0; 1) and I is the certainty equivalence functional that maps the next-period
utility (which is a random variable) into its certainty equivalent (which is a real number).

De�nition 2 (Generalized Risk Sensitivity)
An intertemporal preference of the form (16) is said to satisfy (strictly) generalized risk

sensitivity, if the certainty equivalence functional I is (strictly) monotone with respect to
second-order stochastic dominance.

2Note that � is a Lagrangian multiplier, so � > 1.
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Here we provide a proof for Theorem 2 of the paper in a two-period model by assuming i)

a �nite state space, ii) fully revealing announcements, and iii) equal probability of each state.

The proof in the paper shows that the conclusion of the theorem holds in a fully dynamic

model without assuming fully revealing announcements. In addition, the assumption of

a �nite space with equal probability can be replaced by a continuum. Because the proof

of Theorem 2 under the assumption of �nite state space is relatively simple and does not

require functional analysis in in�nite dimensional spaces, we present such a proof in this

note.

Under Assumptions i)-iii), the intertemporal preference can be written as u (C0) +

�I [u (C1)] ; where the certainty equivalence functional I maps random variables into the

real line. Because the probability space is �nite, we can identify every random variable with

a N�dimensional vector. We denote V = [V1; V2; � � � ; VN ], where Vs = u (C1;s) is the date-1
utility of the agent. We assume that the range of u (C), denoted 	, is a closed interval on

the real line. The set of all 	-valued random variables can be denoted as 	N . As in the

paper, we make the following assumptions on I:

Assumption 1: I is continuously di¤erentiable with strictly positive partial derivatives.
Assumption 2: I [k] = k whenever k is a constant.

As we show in equation (12) and (13) on page 9 of the paper,

P� = E
�
m� (s)P+ (s)

�
; (17)

where the A-SDF, m� (s) is given by:

m� (s) =
1

� (s)

@
@Vs
I [V ]PN

n=1
@
@Vn
I [V ]

: (18)

In the above equation, @
@Vs
I [V ] denotes the partial derivative of I [V ] with respect to its

sth element. Equation (17) implies that the announcement premium is positive (negative)

if

E
�
m� (s)P+ (s)

�
� (�)E

�
P+ (s)

�
:

We �rst show that Condition 1 in the paper is equivalent to the "negative comonotonicity"

of the partial derivatives of I [V ]:

Lemma 1 The following two conditions are equivalent:
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1. The announcement premium is non-negative for all payo¤s that are comonotone with

V .3

2. For any V 2 	N , �
@

@Vs
I [V ]� @

@Vs0
I [V ]

�
(Vs � Vs0) � 0: (19)

Proof. First, we assume that 1) is true and prove 2) by contradiction. Suppose there exist
V and s, s0 such that Vs > Vs0 and @

@Vs
I [V ] > @

@Vs0
I [V ]. Consider the following payo¤:

X (n) = Vn for n = s; s0; X (n) = 0 otherwise:

Clearly, X is comonotone with V , and therefore positively correlated with m� (s) de�ned in

(18). Therefore,

P� = E [m� (s)X (s)] > E [m� (s)]E [X (s)] = E [X (s)] ;

contradicting a non-negative announcement premium.

Next, we assume that 2) is true and prove 1). Take any X that is comonotone with V ,

then

P� = E [m� (s)X (s)] � E [m� (s)]E [X (s)] = E [X (s)]

because m� (s) and X (s) are negatively correlated.

Lemma 1 establishes the equivalence between non-negative announcement premium (for

payo¤s that are comonotone with continuation utility) and inequality (19). Inequality (19) is

known to be a characterization of Schur concave functions, which is equivalent to monotone

with respect to second order stochastic dominance for functions de�ned on �nite probability

spaces with equal probabilities. We summarize the equivalence results in the following

lemma and refer the readers to Marshal and Okin or Muller and Stoyan for reference of

such results.

Lemma 2 For any I that satis�es Assumption 1, the following two statements are equiv-
alent:

1. I [V ] is non-decreasing in second order stochastic dominance if and only if for any
V 2 	N ,

�
@
@Vs
I [V ]� @

@Vs0
I [V ]

�
(Vs � Vs0) � 0.

3Recall that a payo¤ X is comonotone with V if 8s and s0 such that X (s) � X (s0) 6= 0,
[X (s)�X (s0)] [V (s)� V (s0)] � 0.
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2. I [V ] is strictly increasing in second order stochastic dominance if and only if any
V 2 	N ,

�
@
@Vs
I [V ]� @

@Vs0
I [V ]

�
(Vs � Vs0) � 0, and strict inequality holds whenever

Vs 6= Vs0.

3. I [V ] is non-increasing in second order stochastic dominance if and only if any V 2
	N ,

�
@
@Vs
I [V ]� @

@Vs0
I [V ]

�
(Vs � Vs0) � 0.

With the above we are ready to prove Theorem 2 in the paper. The �rst part of Theorem

2 is

1. The announcement premium is zero for all assets if and only if I is expected utility.

Proof. If I is the expectation operator, that is, I [V ] =
PN
s=1 � (s)V (s), then by

(18), m� (s) = 1, and the announcement premium must be zero for all assets. Con-

versely, if the announcement premium is zero for all assets, we must have m� (s) =

m� (s0) for all s, s0, otherwise we can construct an asset with nonzero payo¤ in

state s and s0 that requires a non-trivial announcement premium. This implies

that
�

@
@Vs
I [V ]� @

@Vs0
I [V ]

�
(Vs � Vs0) = 0 for all s,s0. For any V 2 	N , note that

E [V ] �SSD V , by the above lemma, we must have

I [V ] = I [E [V ]] = E [V ] ;

where the last equality uses Assumption 2.

The second part of Theorem 2 is a direct consequence of Lemma 1 and Lemma 2:

2. The announcement premium is non-negative for all assets with payo¤s comonotone

with V if and only I is non-decreasing with respect to second order stochastic domi-

nance.

From the above discussion, it is clear that a stronger version of the above result is

also true, that is,

3. The announcement premium is strictly positive for all assets with payo¤s strongly

comonotone with V if and only I is strictly increasing with respect to second order

stochastic dominance.
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